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Preface

This book isintended for research mathematicians interested in unsolved problems,
and graduate studentsin mathematics or engineering who are interested in the math-
ematical side of the theory of error-correcting codes. It also may be of interest to
coding-theorists who simply want to know how to use SAGE to do certain compu-
tations with error-correcting codes.

Strong undergraduates should find much in this book of someinterest aswell. In
terms of classroom use, this text could serve as abasisfor a specia topics coursein
thetheory of error-correcting codes. A good background in algebra, especially linear
algebra, would be needed from the student. Some sections also require a strong
background in algebraic geometry and number theory.

Coding theory isthe branch of mathematics concerned with reliably transmitting
data across noisy channels. In many cases, one can simply subdivide the data stream
into blocks of afixed length k& and then encode each such block with some redun-
dancy to a“codeword” of longer length n, which is then transmitted. With enough
redundancy, the hope is that the receiver can recover the original k data bits. For
example, in the late 1960s to early 1970s NASA’s Mariner 9 took picturest of Mars
such asin Fig. 1. Black and white images such asin Fig. 1 were transmitted through
space back to Earth using the so-called Reed—Muller code of length n = 32, with
k = 6 databitsand n — k = 26 redundancy bits.

In spite of over 60 years of intensive work from the best mindsin the world, there
are many interesting mathematical questionswhich remain unsolved in the theory of
error-correcting codes. The modest aim of this book will provide some “publicity”
for some of those questions.

A chapter-by-chapter overview follows. We have tried to order the chapters by
the rough level of mathematical sophistication required from the reader.

Chapter 1 contains a brief discussion of some basic terms and results on error-
correcting codes. For example, the binary symmetric channel, entropy and uncer-

1This image of Mars Olympus Mons was found on the NASA website http://marsprogramjpl.
nasa.gov/M PF/martianchronicle/martianchron2/index.html and is in the public domain. See also
http://en.wikipedia.org/wiki/Mariner_9.
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Fig. 1 Mars OlympusMons
taken by Mariner 9

tainty, Shannon’s theorem, the Hamming metric, the weight distribution (or spec-
trum) of a code, decoding basics, bounds on the parameters of a code (such as the
Singleton bound, Manin’s theorem, and the Gilbert—\Varshamov asymptotic bound),
and examples of important codes such as the Hamming codes and the quadratic
residue codes. SAGE examples are scattered throughout to emphasize the computa-
tional aspect.

Chapter 2 isavery short chapter surveying certain aspects of the beautiful theory
resulting in the intersection between self-dual codes, lattices, and invariant theory.
Thisisalarge field with several excellent books and survey articles already written.
We introduce weight enumerator polynomials (and the MacWilliams identity), di-
visible codes and their classification, invariants associated to the different types of
self-dual codesarising in this classification, and lattices arising from self-dual codes.
The chapter ends with a discussion of the famous unsolved (at present) problem of
the existence of a self-dua [72, 36, 16] binary code. Again, some SAGE examples
aregiven. A few proofs are sketched, but most results are stated with only references
to original proofs.

Chapter 3 discusses some fascinating results in the intersection between coding
theory, block designs, group theory, orthogona arrays, Latin squares, and recre-
ational mathematics. After introducing Hadamard matrices (and the Hadamard con-
jecture, with SAGE examples), one of the most remarkable results in all of coding
theory is discussed, the Assmus—-M attson theorem. Roughly speaking, this theorem
shows a relationship between certain codes and the construction of certain block
designs. Connections with Latin squares and orthogonal arrays are given. The un-
expected combinatoria structure “hidden” in certain “ design-theoretic” codesis ex-
emplified by the constructionsin the section involving a Golay code and the “kitten”
and “minimog” constructions. The last sections of the chapter discuss recreational
aspects of the theory—strategiesfor winning a“ mathematical blackjack” card-game
and horsetrack-betting.
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Chapter 4 explores an intriguing analogy between the Duursma zeta function
(a recently introduced “invariant” object associated to a linear code) and the zeta
function attached to an algebraic curve over afinite field. Much remains unknown
(at thistime) regarding the Duursmazetafunction, but this chapter surveysitsknown
properties (mostly with proofs). Several SAGE examples are given; in fact, SAGE
isthe only mathematics software package (at this time) with commands to compute
Duursma zeta functions.

Chapter 5 discusses two very hard and unsolved problems. Thefirst isanontrivial
estimate for the number of solutions (mod p) to a polynomial equation y2 = f(x),
where f(x) is a polynomia whose degree is “small” compared to the prime p.
(When p issmall compared to the degree of f, then Weil’s estimate gives agood es-
timate of the number of solutions.) The second unsolved problem is the best asymp-
totic bounds for abinary linear code. The surpriseis that these two seemingly unre-
lated problems are in fact, rather closely related. Aspects of this relationship, with
some proofs and SAGE examples, are discussed in detail.

Finally, Chap. 6 discusses some aspects of algebraic-geometric codes (or AG
codes, for short). These are codes arising generally from algebraic varieties over fi-
nite fields, though the focus hereis on modular curves. Thisisarelatively technical
chapter, requiring some familiarity of number theory, algebraic geometry, and mod-
ular forms and al so of representation theory of finite groups. Fitting with the general
theme of this book, this chapter mostly illustrates how little we know about the alge-
braic structure of AG codes arising from modular curves. As with many other areas
of mathematics, it seemsthat the more one knows, the more one discovers how little
isrealy known.
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Chapter 1
Background on Information Theory
and Coding Theory

This chapter summarizing background information assumes that the reader has some
familiarity with linear algebra and basic probability. The basic model of information
theory and error-correcting block codes is introduced. The basic example of the
Hamming [7, 4, 3] code is presented in detail.

What is ironic is that even in basic background issues, coding theory has inter-
esting open questions. For example, for a given length and dimension, which code
is the best 2-error-correcting code? Another example: see Manin’s theorem 19 and
the closely related Conjecture 22 below.

1.1 Binary Symmetric Channel

Consider a source sending messages through a noisy channel. For example, consider
a CD player reading from a scratched music CD, or a wireless cell phone capturing
a weak signal from a relay tower which is too far away. These situations give rise to
problems in communication which must be solved if one is to transmit information
reliably. Figure 1.1 gives a diagram of the basic idea.

For simplicity, assume that the message being sent is a sequence of 0s and 1s.
Assume that, due to noise, the probability that a 0 is (correctly) received is 1 — p and
the probability that a 1 is (incorrectly) received is p. Assume also that the noise of
the channel is not dependent on the symbol sent: the probability thata 1 is (correctly)
received is 1 — p, and the probability that a O is (incorrectly) received is p. This
channel is called the binary symmetric channel.

The “butterfly” diagram in Fig. 1.2 summarizes this.

We also assume that the probability of an error in transmitting a bit does not de-
pend on any previous transmission. This is called the memoryless binary symmetric
channel.

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 1
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_1, © Springer Science+Business Media, LLC 2011
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information source | —y. ltransmitter | ———— | receiver | | decoder | —p linformation destination

noise

Fig. 1.1 The basic communication model

Fig. 1.2 The binary
symmetric channel

Sent Received

1.1.1 Uncertainty

We want to formalize the notion of uncertainty. Consider two experiments. In the
first, you flip a fair coin. In the second, you roll a fair dice. It is reasonable to say
that the outcome of the second experiment is more uncertain than the outcome of
the first, simply because there are more possibilities to choose from.

Suppose that a random variable X takes on only the distinct values xq, ..., x,
with nonzero probabilities py, ..., p,,resp., where p;+---+ p, = 1, and each p; €
[0, 1]. How would you measure quantitatively the “randomness™ or “uncertainty”
of X? Claude Shannon, motivated by ideas of Norbert Wiener [CSi], introduced the
following definition.

Definition 1 The uncertainty or (base 2) entropy of the above random variable X
is defined to be

n
H(X)=H(p1,...,pn)=—»_ pilog, pi,

i=1

where log, is the logarithm to the base 2. The base g enfropy is the same quantity,
but the logarithm is taken with base g:

n
Hy(X)=Hy(p1,....pn)=—Y_ pilog, pi.
i=1

The entropy is always nonnegative and is only 0 when one of the p;’s is equal
to 1. Its maximum value, log, n, is only attained when all the p;’s are equal to 1/n.
Figure 1.3 has an example of this function with base 2 and n = 2.
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Fig. 1.3 The base 2 entropy
function

Example 2 Suppose that X is the signal received by a (noisy) binary symmetric
channel. Then

H(X)=H(p,1—p)=—plog, p— (1 - p)log,(1 - p).

The maximum uncertainty is when p = 1/2 (e.g., tossing a fair coin), in which case
H(X)=1.1f p=0.99, then H(X)=0.080793....

It is intuitively obvious that when the channel creates a lot of errors, then there
is a limitation to the information which can be sent. The next definition makes this
idea more precise.

Definition 3 The capacity (or Shannon capacity) of the channel is cap(X) =
cap(p) =1— H(X).

In the case of the binary symmetric channel, the capacity is cap(X) =1 +
plog, p+ (1 — p)log, (1 — p). The minimum capacity is when p =1/2.

To justify the formula which defines the capacity, we need Shannon’s funda-
mental theorem of information theory (also called the noisy channel theorem, see
Sect. 1.1.2 below). However, recent research shows that one can explicitly construct
codes which nearly achieve the Shannon capacity ([BGT, MN, VVS]). In fact, some
have said that this construction marks “the death of coding theory” (for example,
D. Forney’s 1995 Shannon Lecture; see [Af] for more history). However, it appears
that research in the topic has not abated, and if the conjectures in this book are any
indication, then there are still plenty of interesting open questions left in coding
theory!

1.1.2 Shannon’s Theorem

The following theorem of Shannon is fundamental to the theory of error-correcting
codes.
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0.8+

0.6

0.4

0.21

0.2 04 0.6 0.8 1

Fig. 1.4 The capacity function for binary codes

Theorem 4 (Fundamental theorem of information theory) Consider a binary
symmetric channel with p < 1/2. Let ¢ > 0 and § > 0 be given. For all suffi-
ciently large n, there is a code C ¢ GF(2)" with information rate R satisfying
cap(p) — € < R < cap(p), such that the nearest neighbor algorithm decoding has
average probability of incorrect decoding less than §.

Shannon’s theorem guarantees us that “good” (in the sense that they are close to
being best possible) codes exist. They may not be linear and even if they are, the
theorem does not suggest that they are practical (i.e., “fast” encoding and decoding
algorithms exist). The proof of Shannon’s theorem is not easy and goes beyond the
scope of this book. For a proof and further discussion, see Ash [Ash], Sect. 3.5 or
van Lint [vL1], Chap. 2.

Figure 1.4 graphs the capacity for a binary code.

1.2 A Simple Example

Historically, the first error-correcting code to arise was the so-called binary Ham-
ming [7, 4, 3] code, discovered by Richard Hamming! in the late 1940s. Hamming,
who worked for many years as a mathematician for a telephone company, thought
that computers should be able to correct bit errors. He was right and discovered an
infinite family of 1-error correcting codes, now called “Hamming codes.” By way of

LFrom the publication point of view, Hamming published only binary [7, 4, 3] code, and Golay
published the other binary and nonbinary Hamming codes. However it has been shown that Ham-
ming knew all the binary codes prior to Shannon’s publication and had circulated them in an
interdepartmental memorandum several months prior to the submission date of Golay’s one-page
paper [Tho].
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introducing ideas such as block length, redundancy, and error-correction, we shall
focus briefly only on one of them and define the more general codes later.

Let F=GF(2), k=4,n =7, and let C be the set of all vectors in the third
column below (for simplicity, we write 0000000 instead of (0, 0,0, 0, 0,0, 0), for

example).?
Decimal Binary “data” Codewords
0 0000 0000000
1 0001 0001110
2 0010 0010101
3 0011 0011011
4 0100 0100011
5 0101 0101101
6 0110 0110110
7 0111 0111000
8 1000 1000111
9 1001 1001001
10 1010 1010010
11 1011 1011100
12 1100 1100100
13 1101 1101010
14 1110 1110001
15 1111 1111111

This is a linear code of length 7, dimension 4, and minimum distance 3 and is
called the Hamming [7, 4, 3]-code. In fact, there is an “encoding” map from F* to

C given by ¢ (x) =y, where

y1
y2
Y3
y=1y4|=
Y5
Y6

y7

=== =

P P, O OO ®mFr O
R O FLr O Pk OO

O R P P OO O

x1
x2
x3
x4

(mod 2) = ¢ (x),

2Here “GF” stands for Galois field, named after the French mathematician Evariste Galois who
died after a duel at the age of 20. See http://en.wikipedia.org/wiki/Evariste_Galois for more details

on his life’s story.
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Fig. 1.5 Venn diagram for
decoding a Hamming [7, 4, 3] 4 ’A‘ B
code év

C

and ¢ may be identified with the above 7 x 4 matrix. A basis for C is given by the
vectors

¢(e1)=(1,0,0,0,1,1, 1), ¢(e2) =(0,1,0,0,0,1, 1),
¢(e3) =(0,0,1,0,1,0, 1), ¢(es) =(0,0,0,1,1,1,0),

where ey, €2, €3, e4 are the basis (column) vectors of GF(2)*. Therefore, the rows
of the transpose matrix of ¢,

S O O =
S O = O
S = O O
- O O O
-
—_ O e
O =

form a basis for C, i.e., G is a generator matrix. Another way to define C is to say
that a vector v € GF(2)’ belongs to C if and only if it satisfies the “parity check
conditions” Hv = 0, where

1 011100
H=|11 01 01 0
1 110 0 01

Next, we present a simple algorithm showing how the three bits of redundacy can
be used to decode a received codeword in which the noise of the communication
channel has introduced an error in one of the 7 bits of the codeword which was
transmitted.

An Algorithm for Decoding the Hamming [7,4, 3] Code Denote the received
word by w = (w1, w2, w3, ws, ws, we, w7).

1. Put w; in region i of the Venn diagram in Fig. 1.5.i=1,2,...,7.
2. Do parity checks® on each of the circles A, B, and C.

3In other words, add the entries placed in each circle mod 2. If this sum is = 1 (mod 2), then we
say that the circle fails the parity check; otherwise, it passes. See Example 5.
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Fig. 1.6 Venn diagram for

decoding a Hamming [7, 4, 3] A v&‘ B
code with error positions AVA
i N,

C

Parity failure region(s)  Error position

none none
A,B,and C 1
Band C
AandC
Aand B
A

B

C

N AW

These rules cleverly reformulate the algebraic “parity check conditions” Hv =0
as a more visually appealing Venn diagram.

Example 5 Consider the binary Hamming code C above. Suppose that v =
(1,1,1,0,0,0,0) was received from a transmission along a noisy channel. What
was the codeword (most likely) sent?

The corresponding Venn diagram is given in Fig. 1.6.

If we do parity checks on each of the circles A, B, and C, we see that only
C fails. The table tells us that an error occurred in the 7th bit; therefore, v =
(1,1,1,0,0,0,0) decodes toc = (1,1,1,0,0,0, 1).

This above example raises a number of questions.

o Are there other codes of length n = 7 and dimension k = 4 which can correct
more errors? In other words, is C the “best” we can do for that n and k? (No and
Yes.)

o Are there other decoding algorithms? (Yes. in case you do not like Venn dia-
grams!)

e Does this example generalize? (Yes, in several ways.)

1.3 Basic Definitions

Enough examples; now for the definition. Let F = GF(q) be a finite field.*

4The appendix Sect. 7.2 gives further details on finite fields.
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Definition 6 A subset C of V =F" is called a code of length n. If C has M ele-
ments, then it is often referred to as an (n, M)-code. A subspace of V is called a
linear code of length n. If F = GF(2), then C is called a binary code. If F = GF(3),
then C is called a ternary code. In general, when F = GF(g), then C is called a
g-ary code. The elements of a code C are called codewords. For each vector v e V,
let

supp(v) = {i | v; # 0}
denote the support of the vector.
The information rate of C is
oo 0% 1cl

n

where |C| denotes the number of elements of C.

Not only do we consider V = " as a vector space with a fixed basis but, in
fact, as a vector space with a fixed basis and a fixed inner product. Unless stated
otherwise, we give V the Euclidean inner product.

If - denotes the usual (Euclidean) inner product,

V-w=01W1+ "+ VW,

where v = (v1,...,v,) € V and w = (wy, ..., w,) € V, then we define the dual
code C+ by

Cl:{veV|v-c:0‘v’ceC}.

We say C is self-dual if C = Ct.

If ¢ isasquare, say ¢ = p?, then there is a conjugation on F = GF(¢) (i.e., a field
automorphism IF — IF of order 2 which fixes the subfield GF(p)), which we denote
by x — x for x e F.

If the order of IF is a square and if (v, w) denotes a Hermitian inner product,

n
(v, w) =Y v,
i=1
then the Hermitian dual code of C is
CLz{ye 4 (v,c):OforallceC}.
We say that C is Hermitian self dual if C is equal to its Hermitian dual code Ci.
The conjugate code of a code C over GF(p?) is the code of conjugates: C =

{c | ¢ € C}. Note that the Hermitian dual code is the conjugate code of the Euclidean
dual code.
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1.3.1 TheHamming Metric

We have seen so far some simple examples of codes. What is needed is some notion
of how to compare codewords. Geometrically, two codewords are “far” from each
other if there are “a lot” of coordinates where they differ. This notion is made more
precise in the following definition.

Definition 7 If v = (v1, vo, ..., v,), w = (w1, wo, ..., w,) are vectors in V =[F",
then we define
dw,wy=|{i 11<i<n, v #w;}]

to be the Hamming distance between v and w. The functiond : V x V — Niis called
the Hamming metric. If v € V and S C V, then we define the distance from v to S

by
d(v, S) =mind(v, s).
seS

The weight of a vector (in the Hamming metric) is d(v, 0). The weight distribu-
tion vector or spectrumof a code C C F” is the vector

A(C) =spec(C) =[Ao, A1, ..., Ayl

where A; = A;(C) denotes the number of codewords in C of weighti for0 <i <n.
Note that for a linear code C, Ag(C) = 1, since any vector space contains the zero
vector.

Note that
dw,wy={i |11<i<n, v —w; #0}| =d(v —w,0) (1.3.1)
for any vectors v, w € F" (or, more generally, any vectors in a linear code). Using
this, it is easy to show that d satisfies the properties of a metric:

e d(v,w)>0forall v, weF" and d(v, w) =0 ifand only if v = w.
o d(v,w)=d(w,v) forall v, w € F",
o du,w)<d(u,v)+dw,w) forall u, v, w e F".

For v e F", let
B(v, r, IF") = {w ceF" |dw,w) < r}.

This is called the ball of radius r about v. Since " is finite, this ball has only a
finite number of elements. It is not hard to count them using a little bit of basic
combinatorics. Since this count shall be needed later, we record it in the following
result.

Lemma8 If0<r <nandqg=|F|, then

|B(v,r,F”)| =Z <rll) (@ -1

i=0
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Proof Let
Bi(v,r,F")={weF" | d(v,w) =i}.

This is called the shell of radius i about v. It consists of all vectors with exactly i
coordinates different from v. There are (7) ways to choose i out of n coordinates.
There are (g — 1) ways to choose these i coordinates to be different from those
in v. Thus,

|B(v,r,F")| :Z|B,~(v,r,ﬂ?”)| :Z(?) (g —1).

i=0 i=0 O

1.4 Linear Block Codes

A linear code of length » and dimension & (as a vector space over ) is called an
[n, k]-code. In abstract terms, an [n, k]-code is given by a short exact sequence®

0> S E k0 (1.4.1)

We usually identify C with the image of G and regard C as a subspace of F". The
function

E:Fk—>C,
m+— mG

(regarding m as a row vector) is called the encoder (or encoding matrix, which is the
transpose of G). Since the sequence (1.4.1) is exact, a vector v € F" is a codeword
if and only if H(v) =0. If F" is given the usual standard vector space basis, then
the matrix of G is a generator matrix of C, and the matrix of H is a check matrix
of C. In other words,

C = {c | c=mG, somem E]Fk}
= {CGIF” | H - tc:O},
where c is a column vector. When G has the block matrix form
G=UklA),

where I denotes the k x k identity matrix, and A is some k x (n — k) matrix, then
we say that G is in standard form. By abuse of terminology;, if this is the case, then
we say that C is in standard form.

5“Short exact” means (a) the arrow G is injective, i.e., G is a full-rank k x n matrix, (b) the arrow
H is surjective, and (c) image(G) = kernel(H).
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The matrix G has rank k, so the row-reduced echelon form of G, call it G’, has
no rows equal to the zero vector. In fact, the standard basis vectors e, ..., e¢; of
the column space F¥ occur amongst k columns of those of G’. The corresponding
coordinates of C are called the information coordinates (or information bits if C is
binary) of C.

Remark 1 Aside: “Generically” a square matrix with real entries is invertible. In the
case of finite fields, this is not the case. For example, the probability that a “large
random” k x k matrix with entries in GF(g) is invertible is about

O Uit AR C ik A IR = ‘
lim 4~ Dl qzz (" —q") _ (1—q~).
i=1

k— 00 q

If ¢ =2, then this is about 0.288... . ; for ¢ = 3, this is about 0.56; for ¢ = 4, this is
about 0.688; and for ¢ = 5, this is about 0.76.

For more interesting facts like these, see Lecture 7 in A. Barg’s EENEE 739C
course (online [Ba]).

Note that the action of the symmetric group of degree n, S,, on {1,2,...,n}
induces an action on F” via its action the coordinates of each element of [F”.

Example9 If F =GF(11) and V =F9, then
C= {(xl,xz, oo, x10)|x; € F,x1 + 2x2 +3x3 4+ - -+ + 9xg + 10x10 = 0 (mod 11)}

is called the ISBN code. This is an 11-ary linear code of length 10. This is the same
code used in book numbering except that the number 10 is denoted by X on the
inside cover of a book.

For example, (1,0,0,0,0,0,0,0,0,1) and (1,1,1,1,1,1,1,1,1,1) are code-
words. Their Hamming distance is 8.

Example 10 The US Post Office puts a bar code on each letter to help with its
delivery. What are these funny symbols? Translated into digits, they are given in the
table in Fig. 1.7.

Each “word” in the postal bar-code has 12 digits, each digit being represented by
short bars (we regard as a 0) and longer bars (which are regarded as a 1), as above.
The 12 digits are interpreted as follows: The first 5 digits are your zip code, the next
4 digits are the extended zip code, the next 2 digits are the delivery point digits, and
the last digit is a check digit (all the digits must add to 0 mod 10).

by
Clberor bbb o beboooe b beeec et boc ettt b 1

In other words, after translating the bars into digits, you found that the postal code
on an envelope was

762693155913,
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Fig. 1.7 US Post Office bar number bar code

codes
1 oo
2 I
3 oL
4 ol
5 ol T
6 T
7 T
8 [0 1 |
9 [ 1 1 1
0 [ 0 1

where ? indicates a digit which was smudged so you could not read it. Since the
sum must be =0 (mod 10), we must have ? =0.

1.4.1 Decoding Basics

If you have sent off a codeword ¢ € C and the receiver received a vector v € F"
which has some errors, then it is clear that the receiver wants to somehow recover ¢
from v, if possible. This process is called (error-correction) decoding.

One approach is simply to brute force search for the codeword closest (in the
sense of the Hamming distance) to the received vector. In this case, to decode the
received vector v, all the receiver has to do is search C (which is a finite set) and
find a codeword ¢’ which is as close as possible to v (if there are several, then pick
one at random). In most realistic situations, it is likely (in a sense that can be made
precise) that ¢/ = c. This strategy is called the nearest neighbor algorithm. Here is
an algorithm implementing this strategy:

1. Input: A received vector v € F".
Output: A codeword ¢ € C closest to v.
2. Enumerate the elements of the ball B, (v) about the received word. Set ¢ = “fail”.
3. For each w € B,(v), check if w € C. If so, put c = w and break to the next step;
otherwise, discard w and move to the next element.
4. Return c.

Note that “fail” is not returned unless e > [dz;l], where d denotes the minimum
distance of C, and [x] denotes the integer part of a real number x > 0.
The above algorithm has worst-case complexity exponential in n.

Definition 11 We say that a linear C is e-error correcting if |B.(w) N C| < 1 for
any w € ",

Here is another way to think of this definition. Assume that C C F" is a linear
code having minimum distance d > 3 and that ¢ > 1 satisfies the property that for
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each w € F" whose distance to C is less than or equal to e, there is a unique ¢ =
c(w) € C realizing this minimum: d(w, ¢) = d(w, C) < e. Therefore, C is e-error
correcting if the following property holds: given any w € " whose distance to C is
<e, there is a unique ¢’ € C which satisfies d(w, ¢’) < e, and this ¢’ is the codeword
c(w) described above. In other words, if a codeword at most distance e from w
exists, then it is unique.

Suppose that C is e-error correcting. If you have sent off a codeword ¢ € C and
know that the receiver received a vector v € F" which has e errors or less (i.e.,
d(c,v) < e), then the codeword closest to v in the sense of the Hamming distance
is c.

Example 12 Consider the binary code C with generator matrix

1000111

c_|0t 00011
“loo 10101
0001110

Suppose that v = (1, 1, 1,0, 0, 0, 0) was received from a transmission along a noisy
channel. What was the codeword (most likely) sent?
Using SAGE, this can be done easily.
SAGE

sage: M5 = MatrixSpace(GF(2),4,7)
sage: G= ms([[1,0,0,0,1,12,1],[0,2,0,0,0,1,1],\
[0,0,1,0,1,0,1],[0,0,0,1,1,1,0]])

sage: C = LinearCode(Q

sage: V = VectorSpace(G-(2),7) # or V = GR(2)"7
sage: v =V([1,1,1,0,0,0,0])

sage: C. decode(v)

(1, 1, 1, 0, 0, 0, 1)

Therefore, v=(1,1,1,0,0,0,0) decodesto c=(1,1,1,0,0,0, 1).

Definition 13 Let FF be a finite field. A (possibly nonlinear) code C c F”" is called
an (n, M, d)-code if it has length », cardinality |C| = M, and minimum distance d.
A linear code C C F" is called an [n, k, d]-codeiif it has length », dimension k, and
minimum distance d.

For example, the ISBN code is a [10, 9, 2]-code over the field GF(11).

It is easy to show that if 4 denotes the minimum distance of C, then the largest e
for which G is e-error correcting is the integer part of % Suppose that you have
an [n, k, d]-code C and create a ball of radius [%] about each codeword ¢ € C.
Each vector v € V = GF(g)" is either contained in exactly one of these balls or in
none of them (in other words, the balls are disjoint; think of the gaps between a
stack of oranges you might see in a grocery store).
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1.4.2 Hamming Codes over GF(q)

The construction of the [7, 4, 3]-code mentioned earlier in the preface can be gener-
alized considerably.

Let ¢ be a prime power, F = GF(q), and let F" — {0} denote the set of all nonzero
r-tuples, i.e., the nonzero vectors in the r-dimensional vector space F” over F. Pick
a bijective set-theoretic map, call it v, sending each vector in F” to an r-tuple of
integers in Z, ={0,1,...,9 — 1}. We only require that s send the zero vector to
the zero r-tuple. If z e F" — {0} and ¢ (2) = (a1, ...,a,) € Z; —{0},0 <a; <q —1,
then define

x(x)=a1+axq +---+aq" L

Thisisamap x : F* — {0} — {0,1,...,¢" — 1}. Let z, 7 € F" — {0} be two such
vectors. Define z <, 7/ if x(z) < x(2’). For each vector z € F" — {0}, divide z by
its first nonzero entry. Let S be the set of these “scaled” vectors. There are n =
(g" —1)/(g — 1) elements in S. Write the elements of the set S in increasing order,
using the ordering <, above,

S=1{s1,...,5.}. 1.4.2)

Let H be the r x n matrix whose ith column is the ith vector in § (written as a
column vector).

Example 14 For example, if p =3 and r = 2, then
o 1110
~\0 1 21
is a parity check matrix, and
G 1 110
“\1 201

is a generator matrix for the [4, 2, 3] Hamming code over GF(3).
Using SAGE, this can be done easily.

SAGE

sage: M5 = MatrixSpace(G-(3), 2, 4)

sage: H= M5([[1,1,1,0],[0,1,2,1]])

sage: Cl = Linear CodeFrontCheckMatrix(H); Cl

Li near code of length 4, dinmension 2 over Finite Field of size 3
sage: G = M5([[1,1,1,0],[2,2,0, 1]1])

sage: C2 = Linear Code(H)

sage: Cl ==

True
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As you see from the last line, G is indeed a generator matrix for the code defined by
the check matrix H.

Definition 15 Let r > 1, and let ¢ be a prime power. The Hamming [n, k, 3]-code
C over F is the linear code with

n=(q¢"-1)/(qg -1, k=n-—r,

and parity check matrix H is defined to be the matrix whose columns are all the
(distinct) nonzero vectors in ", normalized to have first nonzero coordinate equal
to 1.

Remark 2 To be precise, this definition depends on the ordering (1.4.2) of S selected
to construct the rows of the check matrix H. Of course, two different orderings of S
do not necessarily yield the same code. Nonetheless, the two corresponding codes
are both still called Hamming codes.

Let
e1=(1,0,...,0), e=(0,1,0,...,0), ..., e,=(0,...,0,1)

be the standard basis vectors in F".
Here is an algorithm implementing a decoding strategy:

1. Input: A received vector v € F". Assume that v has < 1 error.
Output: A codeword ¢ € C closest to v.

2. Compute H - v (regarding v as a column vector). This is an r-tuple, so it must
be of the form a - s for some s in the set of “scaled vectors” S constructed above
and for some a € F*.

3. If 5 is the ith element of S (i.e., the ith column of H), thensetc=v —a - ¢;.

4. Return c.

The Hamming codes give, in some sense, the best 1-error-correcting codes
(see Niven [Ni]). In particular, if n = (¢" — 1)/(¢ — 1), then there is no shorter
1-error-correcting code of dimension k = n — r. However, for e > 1, the best e-
error-correcting codes of length n is unknown for large n, provided that we assume
that e is fixed,® e.g., e = 2. The search for the best 2-error correcting codes lead to
the discovery of the BCH codes around 1960 (see, for example, Hill [Hil]). How-
ever, the BCH codes are not known, in general, to provide the best 2-error correcting
codes.

Open Problem 1 Find the best linear 2-error-correcting code of length n.
This is also related to “Ulam’s game” or “searching with lies,” which have an

extensive literature. See, for example, the two sections on searching with lies in
[UKTu].

61f ¢ > 1 is allowed to vary with , then more can be said, but we omit that case.
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1.5 Boundson the Parameters of a Code

In this section, we prove the Singleton bound and the Gilbert—\arshamov bound.
For a fixed length n, the Singleton bound is an upper bound on the parameters k, d
(the proof given below works for nonlinear codes as well). The Gilbert-Varshamov
bound is a lower bound, telling us that there must exist a code with “good param-
eters.” Whereas it is often times very easy to explicitly construct a linear code sat-
isfying this upper bound, it is far from easy to find a code satisfying this lower
bound.

Theorem 16 (The Singleton bound) Every linear (n, M, d)-code C over F =
GF(q) satisfies

M < ql’lfdJrl.

Proof Fix a basis of F” and write all the codewords in this basis. Delete the first
d — 1 coordinates in each codeword. Call this new code €’ ¢ F*~4+1 = V. Since C
has minimum distance d, these codewords of C’ are still distinct. There are therefore
M of them. But there cannot be more than g"~ @~ = gn—d+1 — |Fr—d+1| of them,
since that is the total number of vectors in the remaining vector space V. This gives
the inequality. O

A linear code C whose parameters satisfy k +d =n + 1 is called maximum
distance separable or MDS  Such codes, when they exist, are in some sense best
possible.

Although the classification of MDS codes is not complete (at the time of this
writing), there is a great deal known; see, for example, Hirschfeld [Hi]. The follow-
ing question is still, at the time of this writing, open. A generalized Reed—Solomon
code (defined later in this book) is a typical example of an MDS code.

The following conjecture has been open for some time. Very recently, Simeon
Ball has announced a solution in the case where ¢ is a prime [Bal].

Open Problem 2 (Main conjecture on MDS codes) For every [n, k, d]-code over
GF(g) which is MDS, the following is true. If 1 < k < ¢, then n < g + 1, except
when g isevenand k =3 ork=¢g — 1, inwhich case n < g + 2.

Before going on to an example, let us discuss a simple consequence of this. Let
C; be a sequence of linear codes with parameters [n;, k;, d;] such that n; — co as i
goes to infinity and such that both the limits

.k . d;
R=lim =, §=lim =
I—00 N =0 N
exist. The Singleton bound implies
ﬁ é <14+ —
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Letting i tend to infinity, we obtain
R+6<1.

This bound implies that any sequence of codes must have, in the limit, information
rate and relative minimum distance in the triangle pictured in the figure below.

A

R R+6<1

5

Theorem 17 (Gilbert—Varshamov bound) There existsa code C C " such that
n

e =ICl.

Yizo ()@ -

Proof Suppose that C has minimum distance d and block length n. Suppose more-
over that C is as large as possible with these properties. In other words, we cannot
increase the size of C by adding another vector into C and still keeping the min-
imum distance d. This implies that each v € " has distance < d — 1 from some
codeword in C. This implies F" C |J ¢ B(c,d — 1, "), but since the opposite
inclusion is obvious, we have

F'=| ) B(c.d — 1.F").
ceC

By Lemma 8, all these balls B(c,d — 1, F") have the same cardinality, so if we fix
aco € C,thenforeachc e C, |B(c,d — 1,F")| =|B(co,d — 1, F")|. Therefore,

q"=F"|=|JB(c.d —1.F")
ceC
<Y |B(c.d—1.F")]
ceC

d-1

=|C|-|B(co.d — 1,F")| =|C|Z(’;> (q -1

i=0 O]
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Fig. 1.8 The b
Gilbert-Varshamov bound '
for binary codes

Take & fixed and take d = [8n] in the left-hand side of the inequality, call
it M, s, displayed in Theorem 17. In the (8, R)-plane, plot § against R =
lim,— oo Iogq(Mn,(;)/n as n goes to infinity to obtain Fig. 1.8.

Theorem 18 (Hamming or sphere-packing bound)  For any (not necessarily lin-
ear) code C C F" having M elements, we have

. n i n
M,'E:o<i>(q_l) =q,
wheree =[(d — 1)/2].

Proof For each codeword ¢ € C, construct a ball B, of radius e = [(d — 1)/2]
about it. These are nonintersecting, by definition of 4 and the Hamming metric.
By Lemma 8, each such ball has

e

Z(’Z)(q—l)"

i=0

elements, and there are M such balls. The result follows from the fact that
Ucec B CF" and [F"| =¢g". O

A code which attains the equality in the Hamming bound is called perfect. For
example, the Hamming [7, 4, 3] code is perfect.

1.5.1 Question: What Is”“ The Best” Code?

What is the “best” code of a given length? This natural, but very hard, question
motivates the search for asymptotic bounds discussed in the following subsection.
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Asymptotic Bounds—M anin’s Theorem

Let
k
R=R(C)=—,
n
which measures the information rate of the code, and
d
§=46(C)=—,
n

which measures the error correcting ability of the code. Let X, denote the set of
all (8, R) € [0, 1]? such that there exists a sequence C;, i =1,2, ..., of [n;, k;, d;]-
codes for which lim;_, o d; /n; = 8 and lim; _, o k; /n; = R.

The following theorem describes information-theoretical limits on how “good” a
linear code can be.

Theorem 19 (Manin) There exists a continuous decreasing function
Olq : [01 1] - [07 1]7

such that

e o, isstrictly decreasing on [0, "q;l],

o o,(0)=1,

o if &2 <x <1 thenay(x) =0,

o £, ={(,R)€[0,1]* | 0< R <y (§)}.

For more details, see, for example, [SS], Chap. 1.

Open Problem 3 Not a single value of o, (x) is known for 0 < x < ‘17_1! Can you
find one?

For the case g = 2, see Conjecture 22 below.

Asymptotic Bounds—The Plotkin Curve

As mentioned above, the value of the bound «, () is a mystery. However, we do
have the following well-known upper bound.

Theorem 20 (Plotkin bound)
(a) Supposeq > 2.1f Cisan[n,k,d],-codeandd > n(1—1/q), then

(S p— Cu—
gd— (g~ Dn



20 1 Background on Information Theory and Coding Theory
(b) Supposeq =2.1f C isan [n, k, d]o-code, then

Cl < 2[5]. ifd<n<2d,

4d, if n=2d,
where |... | denotesthe floor function.

Levenshtein proved that if Hadamard’s conjecture is true, then the binary case of
Plotkin’s bound is sharp, provided that we allow C to be nonlinear (see p. 333 in
Huffman and Pless [HP1], Chap. 9 in Bierbrauer [Bi], and de Launey and Gordon
[dLG] for further references and details).

Taking R = én and d = én and letting n — oo, one can determine an asymptotic
form of this bound:

@ (8) <1-38/(1—q7%).

The line 8,1 —38/(1—¢~1),0<8 <1—1/q, is called the Plotkin curve.

Asymptotic Bounds—T he Gilbert—Var shamov Curve

It is not known whether or not o, (x) is differentiable for 0 < x < ‘fq;l, nor is it

known if oy (x) is convex on 0 < x < qq;l. However, the following estimate is well
known.

Theorem 21 (Gilbert—Varshamov) We have
a(x)=1—-x |qu(q -1 +x |0gq(x) +1-x) |qu(1 —Xx).

In other words, for each fixed € > 0, there exists an [n, k, d]-code C (which may
depend on €) with

qg—1
R(C)+8(C)=>1-5(C) Iogq<7> +8(C)log, (8(C))
+(1-38(0))log, (1 —8(C)) —e.

The curve (5,1 — 8 Iogq(qq;l) +5log, (8) + (1 —8)log,(1— ), 0 <8 <1~
1/q, is called the Gilbert—Varshamov curve.

The plot of the Gilbert—Varshamov curve with several other asymptotic bounds
is given in Fig. 1.9.

Here are the SAGE commands which produced Fig. 1.9.

SAGE

sage: P1 pl ot (gv_bound_asynp(x, 2), x, 0, 1/2, linestyle="dotted")

sage: P2 pl ot (pl ot ki n_bound_asynmp(x, 2), x, 0.0, 0.50, linestyle="dashed")
sage: P3 = pl ot (hanm ng_bound_asynp(x, 2), x, 0.0, 0.50)

sage: show( P1+P2+P3, dpi =300)
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Fig. 1.9 Plot of the
Gilbert-Varshamov (dotted),
Plotkin (dashed), and
Hamming (solid) curves
using SAGE

The most that is “known” about the best possible lower bound is a conjecture in the
binary case and is stated as follows.

Conjecture 22 The binary version of the Gilbert—\Varshamov bound is asymptoti-
cally exact.

This folklore conjecture was known to the coding theory community since the
1960s. Goppa thought he had a proof at one point so some call this statement
“Goppa’s conjecture.” See Jiang and Vardy [JV] and Gaborit and Zemor [GZ] for
recent discussions. Also, it is discussed in much more detail in Chap. 4 below.

1.5.2 The Fake Singleton Bound

Here is an amusing example from Amin Shokrollahi [S].

This example will construct, in a naive way, a set of 2" vectors, call it C, in IF%’",
and an addition & in C such that C is a binary vector space under & and such that
the weight of c&c’ is always at least m (this construction gets you all the way to the
“fake Singleton” bound). Here it is.

Let ¢ denote the m-dimensional vector in which all entries are 1. Let C =
{(a,a+0)]aeFy}.Forc=(a,a+€)and ¢’ = (a’,a’ + ), let c&c' = (a+a’,a +
a’ + ¢). Under this “addition,” C becomes a binary vector space. The weight of any
elementin C is m, so the &-distance of any two elements in C, defined as the weight
of their &-addition, is m. This is a code of length n = 2m, dimension k = m, and
minimum &-distance dg = m, so the fake singleton bound k + dg <n + 1 is al-
most attained. In particular, we have asymptotic rate R = % and relatively minimum
@-distance dg = .

Moral of the story: If you change the basis of your code, do not use the “old”
Hamming metric, since it depends on the basis chosen.
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1.6 Quadratic Residue Codes and Other Group Codes

In this section, we give examples of several group-theoretical constructions which
lead to codes having lots of extra symmetry.

1.6.1 Automorphism Groups

Let C C " be a code. An element g € S,, of the symmetric group of degree n is
called a permutation of C if the action of g on F" restricts to an action on C, i.e.,
if gC c C. Define the permutation automorphism group of C to be the group of all
such permutations. For brevity, we call this group the automorphism group of C,
denoted Aut(C). Note that this definition makes sense even if C is a nonlinear code.

1.6.2 Cyclic Codes

Let G denote a cyclic group of order n with generator o. Suppose that G acts on
theset {0,1,...,n — 1} by o (i) =i + 1 mod n. Consider a finite field IF and let us
identify o with the cyclic shift sending o : F* — F”" sending (ao, a1, ..., ap—1) —>
(an_1,a0,...,a,_2),and let G = (o).

Definition 23 A linear code C of length n is a cyclic code if whenever ¢ =
(co,...,cn—1) isacodeword in C, then sois its cyclic shift ¢’ = (¢,—1, co, . . ., cn—2).

Example 24 Consider the binary code C with generator matrix

1011000
0101100

G= 0010110 (1.6.1)
0001011

Clearly these four rows g1, g2, g3, g4 are obtained from the previous by a shift to
the right. Also note that the shift of g4 to the right is equal to g5 = g1 + g3 + g4, the
shift of gs to the right is g = g1 + g2 + g3; and the shift of g¢ is g7 = g2 + g3 + ga4;
the shift of g7 is g1. Therefore, the linear code generated by G is invariant under
shifts to the right. Therefore, C is a cyclic code.

SAGE
sage: MS = MatrixSpace( GF(2), 4, 7)
sage: MS = MatrixSpace(GF(2),4,7)
sage: G = My([[1,0,1,1,0,0,0],[0,12,0,1,1,0,0],
[0,0,1,0,1,1,0],[0,0,0,1,0,1,1]])
sage: C = Linear Code(Q
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sage: A = C. autonorphi sm group_bi nary_code()
sage: C7 = CyclicPernutationG oup(7)

sage: C7.is_subgroup(A)

True

The last command tells us that the automorphism group of the code C contains
the groups of cyclic permutations of order 7. This is equivalent to saying that C is
cyclic.

Cyclic codewords are conveniently represented as polynomials modulo x” — 1.
In fact, if ¢ = (co, ..., cn—1), then let (with apologies for the abuse of notation)

c(x)=co+c1x + - +cyogx L

denote the associated codeword polynomial. In this notation the cyclic shift ¢’ =
(¢n—1,c0, ..., cn—2) Of ¢ corresponds to the polynomial xc(x) (mod x™ — 1). In
other words, cyclic shifts correspond to multiplication by x. Since cyclic shifts leave
cyclic codes invariant, multiplication by any power of x modulo x” — 1 corresponds
to a codeword in C. Since C is a linear code, the sum of any two such codeword
polynomials is another codeword polynomial. Therefore, in fact, the product of any
codeword polynomial times any polynomial in x modulo x™ — 1 is another codeword
polynomial.
Denote by R, the ring of polynomials with coefficients in F modulo x" — 1:

R, = ]F[x]/(x” — 1). (1.6.2)

Define an ideal 1 of R, to be any subset of R, closed under addition and multipli-
cation by an arbitrary element of R,,:

o If f,gel, then f+g€el, and
elf felandreR,thenrf el.

In other words, an ideal in R, is simply a subset closed under addition and multi-
plication by an arbitrary polynomial modulo x — 1. In particular, the collection of
codeword polynomials associated to a cyclic code is an ideal of R,,.

Lemma25 Thereisa natural one-to-one correspondence between cyclic codes of
length n over F and ideals of R,,.

This can be found in any book on coding theory, for example, MacWilliams and
Sloane [MS].

In order to define the generator polynomial of a cyclic code, we need the follow-
ing mathematical fact.

Lemma26 Everyideal I of R, isof theform g(x)R,. In other words, every element
of I isamultiple of g(x) for some polynomial g(x) in R,,.
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Ideals which are of the form I = g(x)R,, are called principal idealsand g(x) is
called a generator of the ideal 1.

Proof Suppose not. Let s(x) be a nonzero element in I of smallest degree. Pick
an arbitrary nonzero element f(x) in 1. By the division algorithm, we can write
f(x) =q(x)s(x) + r(x), where ¢ and r are polynomials, and the degree of r(x) is
strictly less than the degree of s(x). Notice that r(x) = f(x) — g(x)s(x) belongs to
I by definition. This contradicts the assumption that s (x) has smallest degree unless
r(x) = 0. Therefore, every element of I is a multiple of s(x). Take g(x) =s(x). O

Definition 27 Let C be a cyclic code of length n. Let I be the ideal corresponding
to C by Lemma 25. We call g(x) a generator polynomial of C if it is a generator
of 1.

Example 28 We continue with Example 24. Let g(x) = 1 + x2 + x3. This is the
codeword polynomial associated to the top row of the generator matrix in (1.6.1).
This polynomial g(x) is the generator polynomial of the cyclic code C in that ex-
ample. Note that x’ — 1= (x + 1)(x3 + x2 + D)(x® +x + 1).
We use SAGE to illustrate these claims.
SAGE

sage: P.<x> = Pol ynom al Ri ng(G~(2),"x")

sage: g = X"3+x"2+1

sage: C = CyclicCodeFronteneratingPol ynonial (7,g); C

Li near code of length 7, dinmension 4 over Finite Field of size 2
sage: C.gen_nat ()

[1L011000]
[0101100]
[0010110]
[00O01011]
sage: factor(x"7-1)

(x +1) * (x*3 +x + 1) * (x*3 + x"2 + 1)

1.6.3 Quadratic Residue Codes

Usually quadratic residue codes are constructed as a special type of cyclic code.
However, here we define them using Fourier transforms. (For the usual definition,
see, for example, [MS].)

Fourier Transformson Finite Fields

There is a finite field analog of the usual Fourier transform

£ — fR F)e™ dx
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on the additive group of the field of real numbers R. (It is doubtful that Fourier
had finite fields in mind in the early 1800s when he used Fourier series to solve
the heat equation!) First, for the finite-field analog of ¢'*¥, we need to know how
to construct the additive characters of IF. Recall that an additive character of IF is a
function ¢ : F — C for which ¢ (x 4+ y) = ¥ (x)¥ (y).

Let p > 2 denote an odd prime, and let (%) denote the Legendre character:

1, a # 0 quadratic residue mod p,
(£> =1 -1, a0 quadratic nonresidue mod p,
p —

0, a=0,

2_
for a € GF(p). By quadratic reciprocity, if p > 2, we have (%) = (—1)p_8—1. If

p, ¢ are both odd primes, then we have (ﬁ)(%) = (-1 —— . In particular, 2 is a

quadratic residue of p if and only if p =+1 (mod 8).

Let F = GF(p), and let F = GF(¢), where ¢ is a prime different from p which
is a quadratic residue of p. For example, we shall take £ =2 and p =1 (mod 8).
Let & be a nontrivial pth root of unity in a field containing F.

Define ¢1 : F — F(£)* by vr1(a) =&%, a € F. Clearly, vr1 (a1 + ap) = £47%2 =
ENER = o1 (a1)P1(az) for all ai,ap € IF, so i1 is an additive character. For any
b € IF, define

Yp(a) = y1(ab).

In particular, ¥ = 1. Since ¥, (a1 + a2) = ¥p(a1)¥p(az) for all a1, ar € F, it fol-
lows that v, too is an additive character.

Definition 29 Let f :F — F (&) be any function. The Fourier transformof f is the
function

FT;() = Z f@yp(a), beF.

aelF

The following property of additive characters is needed to prove basic facts about
the Fourier transform needed later.

Lemma 30 (a) (Orthogonality) As elements of F, we have

, a+b=0,
Zwa(c)wb(c)z{o a4 b 20,

celF ’

(Note: if ¢=2,thenherep=1in F.)
(b) If ¥ : F — F(&) isany additive character of IF, then thereisa unique b € F
such that ¢ = .

The first part is a special case of “Schur orthogonality.” The second part is a
special case of the duality between elements of an Abelian group and its dual group
of characters. A proof can be found in many books on group theory or finite fields.
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Lemma 31 (Fourier inversion) If f:F — F (&) isany function,

f@=[FI"'Y FT;(b)yp(—a), ack.

beF

(Recall that |F|~ isto be regarded as an element of F(£).)

This is a consequence of orthogonality.

Generalized Quadratic Residue Codes

If “useful and practical” fought “mathematically beautiful” in a battle over the
quadratic residue (QR) codes, then probably “mathematically beautiful” would win.
These QR codes seems to have reasonably fast encoders and decoders but lack good
parameters.” However, these QR codes have striking mathematical properties, espe-
cially as related to representation theory, as we shall see.®

Again, let £, p be primes with p > 2, and £ > 2 a quadratic residue of p.

Let O denote the set of quadratic residues in F*, and N denote the set of non-
quadratic residues in F*. In other words, a € Q if and only if (%) =l,andae N if

and only if (%) = —1. Since (%) defines a nontrivial character of F*, orthogonality
implies 3, g (4) = 0. This implies |Q| = |N|, s0 | Q| = HEX| =N

Let us enumerate the elements of F = GF(p) in some way, say F = {0, 1, ...,
p — 1}. Now identify GF (£)? with the vector space of function values

{(fO), fQ),....f(p=D) | f:F— GF@®)}.

The generalized quadratic residue (GRS) code is the subspace of functions in the
kernel of the Fourier transform on Q:

CoF, F)={(f(0), fQ1),.... f(p—1))|FTs(a)=0Va € Q}.
There is an analogous code for the nonresidues:
CN(@EF, F)={(f©), f(),.... f(p—1)|FTs(@)=0Va e N}.

Though tempting, this last one is not called the generalized quadratic nonresidue
code! Instead, usually these two are simply referred to as the generalized quadratic
residue codes.

7 Although, please see Chap. 4, where some interesting but conjectural results use quadratic residue
code-like constructions to find related codes which might have very good parameters.

8\We follow [MS], Sects. 16.4-16.5.



1.6 Quadratic Residue Codes and Other Group Codes 27

Let Q ={a1,...,a;} (SO r = ”T’l). From this definition we see that a check
matrix for Co (I, F) is

Ve (0) Yoy (D) .. Yy (p—1) 1 g ... gal-D
Va0 Yay(D) .. Yap(p—1) 1 g2 .. geD

Iﬂa,- (0) l[far (1) N ‘(//‘ar (p —_ 1) 1 Etlr L Ea,(p—l)

Lemma 32 The parameters [n, k, d] of the generalized quadratic residue codes
satisfy
1
n=p, k= %, d=>/p.

Determining d for quadratic residue codes with p “large” is an open problem in
general. For example (as of this writing, recently), M. Grassl has published some
tables of values [, k, d] for quadratic residue codes with £ =2, 3 and p < 167 (see
also Voloch [V3] and Chap. 16 of [MS]).

Open Problem 4 Determine which coordinates the information bits lie in for the
family of quadratic residue codes.

_ Let EQ(F, F) denote the code generated by Co (F, F) and the all-1s vector, and
Cn (F, F) denote the code generated by Cy (F, F) and the all-1s vector.

Lemma 33 We have

CQ(EF)J_Z EQ(IE‘,F), p=1(mod 4),
Cy({F,F), p=-1(mod4),
and
CyN(F, F =1 4
CN(]F, F)J_: EN( ) )7 p (mOd )9
Co, F), p=-1(mod4),

(This is proven in Sect. 16.4 in [MS].) In other words, if p =1 (mod 4), then
all the codewords in the code C = C(F, F) are orthogonal to each other! (Such a
code is sometimes called self-orthogonal. If, in addition, every vector orthogonal to
all the codewords is a codeword itself, then the code is called self-dual.)

Extended Quadratic Residue Codes

Define the extended quadratic residue codes by

p
Co,F)=(c1,...,¢cp,cx0) | (c1,...,¢cp) € Co(F, F), coozaZci},
i=1
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p
Cn(F, F)={(c1,....cp coo) | (c1,.or0p) €CN(E, F), coo=a ) cit,
i=1

where 1 4+ a?p = 0 (either choice of sign will work). These codes are self-dual if
p =1 (mod 4) and are the dual of each other if p = —1 (mod 4).

Even more interesting is the fact that these codes have large automorphism
groups.

Theorem 34 (Gleason-Prange) Assumethat £ =2 and p==+1 (mod 8). The au-
tomorphism group Aut(Co (F, F)) contains a subgroup isomorphic to PSL(2, p).

See [MS], Sect. 16.5 for a proof of this and more details on how the permutation
automorphism acts on the code (see also Sect. 6.6 of [HP1]). This theorem says that
éQ(]F, F) may be regarded as a representation space of PSL(2, p). The action of
G=P3L(2,p)onC = éQ(IF, F) is reminiscent of the Weil representation of SL(2)
over a p-adic field, one of the more remarkable representations in mathematics. See
Ward [War] for more of this fascinating story.



Chapter 2
Self-dual Codes, L attices, and Invariant Theory

One of the most interesting fields in all of mathematics concerns the interaction
between the fields of integral lattices, modular forms, invariant theory, and error-
correcting codes. There are severa excellent presentations in the literature of this
subject, for example, Conway and Sloane [CS1], Ebeling [Eb], Elkies [E3], Sloane
[S1], and Brualdi, Huffman, and Pless [BHP]. Therefore, this chapter will be brief
and refer to these works for details.

Topics treated in this chapter include (a) invariant theory and the relationship
with self-dual codes, (b) |attices and connections with binary codes, and (c) optimal,
divisible, and extremal codes.

Some open questions which arise are: Which polynomials F (x, y) occur asthe
weight enumerators of linear codes? Does there exist a binary self-dual [72, 36, 16]
code? These questions and others are discussed bel ow.

2.1 Weight Enumerators

The (Hamming) weight enumerator polynomial A¢ is defined by

n
Ac@,y) =Y A"y =" Agx" Ty b Ay,
i=0

where
Ai=|{ceC | wt) =i}

denotesthe number of codewords of weight i. The support of C istheset supp(C) =
{i | Ai #0} If Ac(x,y) =Ac1(x,y), then C is called a formally self-dual code.
The spectrum of C isthelist of coefficientsof Ac:

spec(C) =[Aop, ..., Ayl
We say that two codes are formally equivalent if they have the same spectrum.

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 29
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_2, © Springer Science+Business Media, LLC 2011
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Example 35 Let

1111000O0O00
0000111111
G=|1 00011100 0},
0100110100
0010101010

and let C be the binary code generated by G. This code has the spectrum
spec(C) =[1,0,0,0,15,0,15,0,0,0, 1],

and so doesits dual code C+, although C # C*. So, this code is formally self-dual
but not self-dual.

We say that two codes C, C’ are isometric if there is a bijective linear transfor-
mation ¢ : C — C’ between them that preserves the Hamming distance function:
for al c1, co € C, we have

d(c1. c2) =d(p(c1), p(c2)).

Saying that two codes are formally equivalent is weaker than saying that the codes
areisometric. In fact, it is known that two codes are monomially equivalent if and
only if they are isometric (by a result of MacWilliams). In particular, two binary
codes are (permutation) equivalent if and only if they are isometric.

Example 36 Indeed, there exist many examples of inequivalent binary codes C, C’
which are formally equivalent. Here is an example using SAGE.

SAGE

sage: Gl = matrix(G-(2),[[1,1,0,0,0,0],[0,0,1,1,0,0],[0,0,0,0,1,1]1)
sage: & = matrix(G(2),[[1,1,0,0,0,0],[1,0,1,0,0,0],[1,1,1,1,1,1]])
sage: Cl = Linear Code(Gl)

sage: C2 = Linear Code( &)

sage: Cl.is_pernutation_equival ent (C2)

Fal se

sage: Cl.weight_distribution()
[1, O, 3, 0, 3, 0, 1]
sage: C2.weight_distribution()
[1, 0, 3, O, 3, 0O, 1]

In other words, the binary codes C1, C2 having the generator matrices

o O
OO

11 00 11
Gi1=|0 O 0 01, Go=|11 0
0O 11 11

=)

0 0O
0 0 0},
111

respectively, are formally equivalent but inequivalent.
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Open Problem 5 Given a homogeneous polynomial

n
Fr,y)=x"+Y  fix" "y
i=1
of degree n with nonnegative integer coefficients f; € Z, find necessary and suffi-
cient conditions (short of enumerating all weight enumerators of linear codes with
length ) which determine whether or not F (x, y) = Ac(x, y) for some linear code
C of length n.

Index the finite field GF(q) in some fixed way: GF(¢) = {wo, w1, ..., w41}
with wg = 0. The composition of v = (v1, ..., v,) € GF(g)" isdefined by

comp(v) = (so, - - ., Sg—1),

where s; = s;(v) denotes the number of components of v equal to w;. Clearly,
Z?:_Olsi(v) =n for eachv € GF(¢)". For s = (so, ..., sq—1) € Z4, let Tc(s) denote
the number of codewords ¢ € C with comp(c) = s. Define the complete weight
enumerator by

We(zo, - s 2g-1) = ZZBO(C) : '-z;"j@ =Y Te)zy -z, 5 (211)

ceC seZ4

Sometimes, when it is convenient, weidentify thevariables z; with thevariablesz,,, .
This enumerator is related to the Hamming weight enumerator as follows:

Ac(x,y)=Wc(x,y,...,y).

2.2 Divisible Codes

If b > lisaninteger and supp(C) C bZ, then the code C is called b-divisible.

Definition 37 Let C beab-divisible code. If C and C* are both binary and contain
the all-ones codeword, then C issaid to be Type 2 divisible. We say that C is Type 1
divisible if C isnot of Type 2.

For example, if C isabinary self-dual code, then it must be 2-divisible (since the
codeword must be orthogonal to itself, it hence has even weight). Thisimplies that
C contains the al-ones vector. But C = C+, so C must be Type 2.

Type 1 codes need not be binary.

Lemma38 If C is Type 1 divisible, then

d+bdt<n+bb+1).
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If C is Type 2 divisible, then

2d +bd*+ <n+bb +2).
Proof See Theorem 1in Duursma[D3]. O

Asacorollary, we seethat if C isformally self-dual, then

- [525]+0. Typel,
| [5z]+b. Type2

The Gleason—Pierce theorem?® basically says that, other than afamily of uninter-
esting examples, the formally self-dual divisible codesfall into one of the following
four types.

Definition 39 Let C beaformally self-dual b-divisible [n, k, d],-code. We say that
C isType | (singly even or formally self-dual even) if g = b =2 and n is even. We
say that C isType Il (or doubly even) if ¢ =2, b = 4, and 8|n. We say that C is Type
IMifg=b=3and4|n. If ¢ =4, b=2, and n is even, then C is said to be Type
IV. In the above definitions, the dual of C is defined with respect to the Euclidean
inner product except for the Type 1V, which is with respect to the Hermitian inner
product.

Lemma 40 (Upper bounds) Suppose that C is a formally self-dual b-divisible
[n, k, d],-code for g = 2,3, or 4. Then Type II, Type Ill, and Type IV codes are
all self-dual. Furthermore,

2[n/8]+2 if Cis Type I self-dual,
An/241+4 if CisTypell,
3[n/12]1+ 3 if Cis Type I,
2[n/6]+2 if CisTypelV.

Proof Thisis Theorem 9.3.1in[HP1]. Seeaso [D3] for adifferent approach. O

These upper bounds are sometimes referred to as the Mallows—Sloane bounds. In
fact, the “Type | bound” even holds for formally self-dual even codes (see Theorem
9.3.1in [HP1], Sect. 11.1 in [NRS]). For a further generalization, see Sect. 7.4.2
bel ow.

A code is called optimal if its minimum distance is maximal among all linear
codes of that length and dimension. A formally self-dual code C is called extremal
if the bound in Lemma 40 holdswith equality. For example, the parametersn = 72,
k = 36, d = 16 meet the conditions of an extremal code of Typel.

1See Theorem 2.5.1in [NRS], also Theorem 89 below.
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Below is atable of the parameters of the best possible Type | codes up to length
32 (see, for example, Table 1 in [CS3]):

n 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
d 2 2 2 2 4 4 4 4 4 6 6 6 6 6 8

Remark 3 It is known that any two extremal codes (if they exist) have the same
weight enumerator polynomial (in fact, they are essentially determined in Du-
ursma[D3]).

It is known that there exist only finitely many extremal codes. Zhang [Z] proved
thefollowing result (see also [D3] for ashort proof, Sect. 11.1in [NRS], or Huffman
and Pless[HP1], p. 345).

Theorem 41 There is no extremal formally self-dual code with code length » for:

(i) binary formally self-dual even code: n =8i (i >4),n=8i +2(i >5),8i +4
(i>6),8+631=>7),;
(it) Type Il code: n = 24i (i > 154), 24i + 8 (i > 159), 24i + 16 (i > 164);
(iii) Type Il code: n = 12i (i > 70), 12i + 4 (i > 75), 12i + 8 (i > 78);
(iv) Type IV code: n =6i (i = 17),6i + 2 (i = 20), 6i + 4 (i > 22).

This tells us that there are indeed only finitely many extremal codes. However,
some gaps remain in our knowledge.

Open Problem 6 Completely classify all extremal codes. In particular, determine
whether there exists a binary self-dual [72, 36, 16] code.

For further discussion of the problem, see the webpage [Do]. On that webpage a
monetary reward is offered for a solution to this problem. We will discuss more in
Sect. 2.6.

In[HK], Han and Kim defined near-extremal formally self-dual codesand proved
abound similar to Theorem 41. Recall that an additive code over GF(4) of length n
is an additive subgroup of GF(4)" (we refer to [GHKP] for further details).

Definition 42 A formally self-dual code of length » with minimum distance d be-
low is called near-extremal.

(i) binary formally self-dual even code: d = 2[g];
(i) Typell code: d = 4[]
(iii) Typelll code: d = 3[131;
(iv) TypelV code: d = 2[¢];
(iv)’ additive self-dual even code over GF(4): d = 2[51;
(v) formally self-dual additive odd code over GF(4): d =[5].
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Theorem 43 There is no near-extremal code with length » for

(i) binary formally self-dual even code: if n =8i (i > 9), 8i +2 (i >12), 8 +4
(i >13), 8 +6 (i > 14);
(ii) Type Il code: if n = 24i (i > 315), 24i + 8 (i > 320), 24i + 16 (i > 325);
(iii) Type Il code: if n = 12i (i > 147), 12i + 4 (i > 150), 12i + 8 (i > 154);
(iv) Type IV code: if n =6i (i >38), 6i +2 (i >41), 6i +4 (i > 43);
(iv)’ additive self-dual even code over GF(4): if n = 6i (i > 38), 6i + 2
(i >4L), 6i +4 (i >43);
(v) formally self-dual additive odd code over GF(4): if n=2i i > 8), 2i +1
(i > 10).

If C+ denotes the dual code of C with parameters [n,n — k,d"], then the
MacWilliams identity? relates the weight enumerator of C- to that of C:

Acrt(x,y)=ICI Y Ac(x + (g — Dy.x — ).

In particular, C isformally self-dual if and only if F = A satisfies the invariance
condition

Flx y):F(x+(q—1)y x—y>.

Vi ova

Example 44 Thefollowing examples are taken from Sloane[Sl]. The notationisas
in [SI] and will be used in the statement of Theorem 45 below.

(2.2.1)

1. Wi(x,y) = x% 4+ y? is the weight enumerator of the Type | code C =
{(0,0), (1, 1}.

2. Ws(x,y) = x8 + 14x%y* + 18 is the weight enumerator of the Type Il [8, 4, 4]
code C constructed by extending the binary [7, 4, 3] Hamming code by a check
bit. Thisisthe smallest Type Il code.

3. We(x, y) = x2 + 759x16y8 1 257651212 | 750,816 4 24 jsthe weight enu-
merator of the extended binary Golay code with parameters [24, 12, 8].

4, Wg(x,y) = x® 4 17296(x3y12 4 x12y36) 4 535005(x32y16 4 x16y32) 4
3995376(x28y20 + x20y28) 4 7681680x2*y?* is the weight enumerator of the
extended binary quadratic residue code associated to p = 47 with parameters
[48, 24, 16].

5. Wo(x,y) = x* 4 8xy2 is the weight enumerator of the Type 11 ternary code C

with generator matrix
11 1 O
G= <0 1 -1 1)
and parameters [4, 2, 3].
6. Wio(x,y) = x12 4 264x6y6 + 440x3y° + 24y1? isthe weight enumerator of the
Type |l ternary Golay code with parameters [12, 6, 6].

2Thisis proven in Sect. 7.4.



2.3 Some Invariants 35

7. Wir(x,y) = x2 + 3y? is the weight enumerator of the Type IV code C =
{(0,0), (1, 1), (o, @), («?, «?)}, with parameters [2, 1, 2]. Here « is a generator
of GF(4) satisfying «® +a +1=0.

8. Waa(x,y) = x84 45x2y* 4+ 18y is the weight enumerator of the Type IV code
C with generator matrix

0
0
1

with parameters [6, 3, 4]. (Again, « is agenerator of GF(4) satisfying a? + o +
1=0)

2.3 Somelnvariants

The following result collects together several facts from Sect. 8.1 in Sloane [SI].

Recall that divisible codes were defined in Sect. 2.2. These are classified into
families called Typesin Theorem 89 below. We say that A¢ (x, y) isinvariant under
alinear transformation 7 = (“ %) if Ac(x,y) = Ac(ax + by, cx +dy).

Theorem 45 Assume that C is a formally self-dual divisible code of Type I, 11, IlI,
or IV.

e | If Cisof Type I, then Ac(x, y) is invariant under the group

o[ A (t 1) (1 o
~\v2\1 -1)°\0 -1
of order 16. Moreover, C[x, y]97 = C[Wy, Ws].
e I1.If C is of Type Il, then Ac(x, y) is invariant under the group

=50 46 9)

of order 192. Moreover, C[x, y]¢!/ = C[Ws, Ws].
o Il If C is of Type Ill, then A¢(x, y) is invariant under the group

b3 O =5t 4)

of order 48, where € C — {1}, »® = 1. Moreover, C[x, y]°" = C[Wg, Wio].
o IV.If C is of Type IV, then A¢(x, y) is invariant under the group

av=(2(3 1)-(3 %))

of order 12. Moreover, C[x, y]°V = C[W11, Wa2].
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Here are some computations illustrating the above theorem.

Example 46 Here is some SAGE code for computing the invariants of the group

1 1 . _
G generated by g, = ((qf/lx)//g\/(? 71//‘/\/2) withg =2, g2= (3 9), and ga=(§ %)
The SAGE method i nvari ant _gener at or s calls Singular [GPS], which has

methods implemented (due to Simon King) to compute group invariants.

SAGE
sage: F = Cyclotom cFi el d(8)
sage: z = F.gen()
sage: a = z+1/z
sage: a"2
2

sage: MS = Matri xSpace(F, 2, 2)
sage: b = -1

sage: gl = M5([[1/a,1/a],[1/a,-1/a]])
sage: g2 = M5([[b,0],[0,1]])
sage: g3 = M5([[1,0],[0,b]])

sage: G = MatrixGoup([gl,g2,93])

sage: G invariant_generators()

[x17r2 + x272,

X178 + 28/ 9*x176*x2"2 + 70/ 9*x1"N4*x274 + 28/ 9*x112*x2"6 + x2/8]

It isnot hard to check that thisis equivalent with part | of Theorem 45.

Example 47 Hereis some SAGE code for computing the invariants of the group G

1 -1 . ;
generated by g1 = (;g (q_l/)\/ff) withg =2, g2=(}9),and g3=(59).
SAGE
sage: F = Cyclotom cFi el d(8)
sage: z = F.gen()
sage: a = z+1/z
sage: b = zn2
sage: MS = Matri xSpace(F, 2, 2)
sage: gl = M5([[1/a,1/a],[1/a,-1/a]])
sage: g2 = MS([[b,0],[0,1]])
sage: g3 = M5([[1,0],[0,b]])

sage: G = MatrixGoup([gl,9g2,g3])

sage: G order ()

192

sage: G invariant_generators()

[ X178 + 14*x17M4*x2"4 + x2"8,

x1724 + 10626/ 1025*x1720*x2"4 + 735471/ 1025* x1"16* x2"8\
+ 2704156/ 1025*x1"12*x2"12 + 735471/ 1025*x1"8* x2" 16\

+ 10626/ 1025*x174*x2720 + x2"24]

The above group G leaves invariant the weight enumerator of any self-dual
doubly even binary code. The above result implies that any such weight enumer-
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ator must be a polynomial in x8 + 14x%y* + y8 and 1025x2* + 10626x2y* +
735471x16y8 4 2704156x12y12 4 735471x8y16 4+ 10626x*y2 + 1025y24. Using
SAGE’s Grobner bases algorithms, it is not hard to check that thisis equivalent with
part || of Theorem 45. The details are omitted.

Example 48 Hereis some SAGE code for computing the invariants of the group G

1 1 .
generated by g1 = ((qf/l‘)//?ﬁ 71//‘/55) withg =3, g2=(99),and g3 = (5 2).
SAGE
sage: F = Cyclotom cField(12)
sage: z = F.gen()
sage: a = z+1/z
sage: b = z"4
sage: a"2; b~"3
3
1
sage: Ms = MatrixSpace(F, 2, 2)
sage: gl = M5([[1/a,1/a],[2/a,-1/a]])
sage: g2 = M§([[b,0],[0,1]])
sage: g3 = M5([[1,0],[0,b]])

sage: G = MatrixGoup([gl, g2, 93])
sage: G order ()

144

sage: G invariant_generators()

[X1712 + (-55/2)*x179*x273 + 231/ 16*X176*x2"6
+ (-55/128) *x173*x279 + 61/ 1024*x2"12,

X1M12 + 4*X1M9*x2°3 + 21/ 8*X176*x2°6 + 67/ 64*x1/3*x2"9Q
+ (-1/512) *x2712]

Example 49 Hereis some SAGE code for computing the invariants of the group G

1/ 1/ . _
generated by g1 = ((qfl{fﬁ 71/@) withg =4, g2 = (-9), and gz = (% 2).

SAGE

sage: q =4, a =2

sage: MS = MatrixSpace(QQ 2, 2)

sage: gl = M5([[1/a,1/a],[(g-1)/a, -1/a]])
sage: g2 = M5([[-1,0],[0,1]1])

sage: 93 = M5([[1,0],[0,-1]])

sage: G = MatrixGoup([gl, g2, 93])
sage: G order()
12
sage: G invariant_generators()
[x1r2 + 1/ 3*x272,
X176 + 5/ 3*x1M4*x272 + 5/ 27*x172*x2"4 + 11/ 243*x2"6]
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Whereas Theorem 45 narrowed down the types of polynomials of two variables
which can occur as some Ac¢(x, y), the following result in some sense computes
their “average value,” i.e., the so-called mass formulas.

Let Aut(C) denote the permutation automorphism group of C.

Theorem 50 (Theorem 9.1.1, [SI]) Assume that C is a formally self-dual divisible
code of Type I, 11, I, or IV.

e |. If £ denotes a complete set of representatives of equivalence classes of Type |
codes of length n, then

Ac(x,y) 17 j 2-1,.n n n n—1_i
Zmzan(zurl) 227 (x +y)+z<i>x y

Ce& j=1 2li

o 1. If £ denotes a complete set of representatives of equivalence classes of Type 1l
codes of length n, then

2-3
A (X,y) 1 % i L n n n—=1_i
2 wwor = 11+ {22 e (7)s ly]
ce& j=1 4)i

e |Il. If £ denotes a complete set of representatives of equivalence classes of Type
111 codes of length 7, then

12
CWEc(x,y,2) 1 2 . - O\ a
Z IAUL(C)| = n—1, 1_[ (3j + 1) |:32 x4 Zzl ; X" yl )

ce€ j=1 3i

e V. If £ denotes a complete set of representatives of equivalence classes of Type
IV codes of length n, then

52
AC(X,)’)_ 173 2j+1 n—1_n i (1) n-1i
2 IAW(C)| — 3! H(Z +1) 127 +23 i)Y
ce& j=1 3Ji

2.4 Codesover Other Finite Rings

More generaly, let R be a finite commutative ring with identity. A linear code C
of length n over R isan R-submodule of R" (with afixed basis). In other words,
we insist that C be closed under addition and R-scalar multiples. Codes over a
ring of integers modulo m and more exotic ring structures (e.g., Galois rings, chain
rings, principal ideal rings, and Frobenius rings) have been actively studied by many
authors.
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In what follows, we pay special attention to the case where R =, = GF(g),
7/2k7, or Z/mZ. Thereis an interesting connection with lattices in these cases.
Let|...| denote aninjection

|...]: R— Zso.

We collect facts from [BDHOQ].

Let C be alinear code over R of length n, and G(C) be a generator matrix
whose rows generate C. Let x = (x1, ..., x,) € R". The Hamming weight wtg (x)
is defined to be the number of nonzero componentsin x, as we defined earlier. If
R =7Z/mZ, the Euclidean weight is

Wig(x) = Zmin{xiz, (m —xi)z},

i=1

and the Lee weight is

wty (x) = Zmin{|x,-|, Im — x;1}.

i=1

As usual, the distance between two vectors x and y is dy(x,y) = wty(x — y),
dg(x,y) =Wtg(x — y), or dp(x,y) = wty(x — y), depending on if the weight
function used is the Hamming, Euclidean, or Lee weight, respectively. The inner
product of two vectors x and y is (x,y) =Y.', x;y;. The dual code C+ of C
is{y e R"|(x,y) =0foral e C}. If C c C*, C is caled self-orthogonal, and if
C = C+, C iscaled self-dual. A self-dual code C over Z/2kZ is called even (or
Type 1) if wtg (x) isdivisible by 4k for al x € C and odd otherwise.

Proposition 51 Let G(C) be a generator matrix of C over Z/2kZ. Suppose that
all the rows x of G(C) have wtg (x) divisible by 4k and that any two rows of G(C)
are orthogonal. Then C is self-orthogonal with Euclidean weights that are multiples
of 4k.

Proof By induction, it sufficesto show that 4k divideswtg (x + y) for any two rows
x,yof G(C). Itiseasy toseethat witg (x + y) = wtg (x) +Wtg (y) +2(x1y1+ -+
Xnyn). Since (x,y) =37 4 x;yi (mod 2k), we have 4k|wtg (x + y). O

2.5 Latticesfrom Codes

Codes can be used to generate interesting lattices. In this section, we describe how
to obtain lattices from linear codes over rings.

A (real) lattice isafree Z-module A in R" of full rank. For example, A = Z" C
R". Let

glz(gllaagm)v L] §n=(8n1a~--agnn)a
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denote a Z-basis of A. The n by n matrix whose rows are g1, ..., g, is called the
generator matrix M of A.

The fundamental volume V (A) isthe volume of the fundamental domain R /A.
It is well known that the absolute value of the determinant of the generator matrix
and the fundamental volume are equal.

The minimum squared distance of A is

d(A)= min x-x= min [x,x],
xeA,x#0 x€A,x#0

where

n
[x,y]=x-y= Zx,'yi
i=1
is the usual dot product on R”. (We use the bracket notation in cases where ambi-
guity may arise.) For lattices, the “distance squared metric” is more convenient in
some situations than the usual Euclidean metric. Let A = MM, called the Gram
matrix of A.

Define det A := det A = (det M)?.

Let O(n) denote the real orthogonal group of n x n matrices. A lattice A’ is
equivalent to A if thereisan A € O(n) such that A’ = AA. If A = AA, then
A is caled an automorphism of A. The subgroup of automorphisms is denoted
Aut(A) C O(n).

The dual lattice is defined by

A*={yeR"|x -yeZforalxe A},

where - denotes the usual Euclidean inner product. (In the literature, A* is aso
denoted AL .) It is known that

det AL = (det A)~L.

A lattice for which A = A* iscalled unimodular. Thisisthe lattice analog for a
self-dua code. Thenorm N (x) of x € A isdefined by

NXx)=ux-x.
Thenorm of A isthe subgroup
N(A)=(N(x)|xeA)CR.

If A isunimodular, then either N'(A) =Z or N'(A) = 2Z.
A lattice A iscalled integral if

AC A

In other words, A isintegral if the inner product of any two vectors in the lattice
is an integer. If N(x) is an even integer for al x € A, A iseven (or Type Il).
A unimodular lattice A whichisnot eveniscalled Type | or odd.
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Proposition 52 An integral lattice A satisfies A C A* C detAA

Proof Since A is integral, it suffices to show that A* C detAA Let x € A*.
ThenxMT =g e 7", Therefore x=EMD T=eMTy "M IM=£A"1M.By

Cramer'srule, A~1 = g2 adj A. Hence,
AT = e A)M = (6 adi M = &M
detA det A ) "~ detA
for some ¢’ € Z as adj € Z hasinteger entries. Hence, x € @A. 0

Proposition 53 An integral lattice A is unimodular if and only if det A = 1.

Proof If det A = 1, then it follows from Proposition 52 that A is unimodular. Con-
versely, supposethat A = A*. Since det A* = g or equivalently V(A*) = 5,
det A = 1, asrequired. O

How many inequivalent Type | lattices are there? The following remarkable
“mass formulafor lattices’ gives an indication.

Theorem 54 Let £2 be the set of inequivalent unimodular lattices of rank » which
are Type | but not Type 1l (i.e., “odd”). Then

> |Auw)|

Les2

equals
1
———B,2B2Bs... B,_2(1—27"?)(14 20"=2/2
2. (n/2) /2B2B4 2( Y1+ )
if n =0 (mod 8). Here By is the absolute value of the kth Bernoulli number.
There are similar formulas for other values of n and for lattices of Typell. See
Sect. 9 of Sloane's survey for details and references [Sl].
ow “spread out” can a Type | or Type |l lattice be? The following result is the
analog of the Mallows—Sloane bound for self-dual binary codes.

Theorem 55 If L is Type I, then
n
dA) <| = 1
w=[2]+
If Ais Type Il, then
n
dA)<2| = |+2
w <]+

If the equality holds, then A is called an extremal lattice of that type.
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2.5.1 Constructions from Codes

Constructing unimodular lattices has been one of the most interesting problemsin
Number Theory. Coding theory has played an important role in constructing uni-
modular lattices. In what followswe describe Construction A. This construction was
introduced by Conway and Sloane over Z /27 [CS1], Bonnecaze, Solé, and Calder-
bank over Z/47Z [BSC], and Bannai, Dougherty, Harada, and Oura over Z/2kZ
[BDHO.

Theorem 56 (Construction A) If C is a self-dual code of length n over Z/2kZ, then
the lattice

A(C) = J%{x =(x1,...,%y) € Z" | (x1 (Mod2k), ..., x, (Mod2k)) € C}

is an n-dimensional unimodular lattice with the minimum norm min{?c{€) = 2k},
Moreover, if C is Type I, then A(C) is Type II.

Proof Clearly A(C) is an n-dimensional lattice. Let ay, a2 € A(C). Then a; =
J%(Cf +2kz;), wherec; € C and z; € Z" for i = 1, 2. Then [az, az] = 2 ([c1. c2] +

2k[c1, zo] + 2k[c2, z1] + 4k?[z1, z2]) € Z" since [c1, c2] is amultiple of 2k. Thus,
A(C) is integral. Next we show that A(C) is unimodular. Note that 2kZ" C
V2k A(C) C 7. It is easy to see that V (2kZ") = (2k)" and [v/2k A(C) : 2kZ"] =
(2k)"2. Hence, V(v/2kA(C)) = (2k)"/2. Then V(A(C)) = 1 = det A, that is,
A(C) is unimodular. Furthermore, [a1,a1] > [c1/v/2k, c1/v/2k] for any a1 =
(c1 + 2kz1)/+/2k. Hence, if c1 # 0, then [a1, a1] > dg/2k, and if ¢1 = 0, then
[a1, a1] > 2k. Therefore the minimum norm of A(C) ismin{2k, dg /2k}.
Supposethat C istypell. Then (a1, a1] = 3 ([c1, c1]+4k([c1, z1]+4k?[z1, z1]) €
27, since [c1, c1] isamultiple of 4k. Therefore, A(C) is Typell. O

Corollary 57 Suppose that C is a self-dual code over Z/2kZ such that every Eu-
clidean weight is a multiple of a positive integer c. Then the largest positive integer
c is 2k or 4k.

Proof By Construction A, A(C) isunimodular. We use the fact that if aunimodular
lattice has the property that every norm isamultiple of some positiveinteger d, then
d=1o0r 2 (see O'Meara[OM]). Therefore, ¢ = 2k or 4k. O

Generalizing Corollary 57, we suggest the following problem.

Open Problem 7 Suppose that C is a self-dual code over Z/mZ such that every
Euclidean weight isamultiple of apositiveinteger » > 2. Then one of the following
holds.

(i) miseven, and b iseither m or 2m;
(i) misodd,and b ism.
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Corollary 58 There exists a Type Il code C of length n over Z/2kZ if and only if 8
divides n.

Proof Supposethat thereisaTypell code C. Then we haveaTypell lattice A(C).
Then we use the fact that an n-dimensional unimodular lattice exists if and only if
8|n.

For the converse, let 14 be the 4 x 4 identity matrix, and let M4 consist of four
rows (a, b, ¢, d), (b, —a, —d, ¢),(c,d, —a, —b),and(d, —c, b, —a),
where a2 + b2 + ¢2 4+ d? + 1 = 4k, whose existence is guaranteed by Lagrange's
sum of four squares. Then (14, M4) generatesaTypell code of length 8 over Z/2kZ.
By constructing the direct sum of (14, M4) we see that a Type Il code of length a
multiple of 8 exists. 0

2.5.2 Theta Function of a Lattice

The theta function of an integral lattice A is

0a)=) q""=) arq’,
ved r=0
where ¢ = ™% (z € C and Im(z) > 0), and
a,:|{veA|v-v:r}|.
The following result is the lattice analog of the MacWilliams identity:
04+ (2) =/det A - (i/2)"/ - 04(=1/2). (25.1)

The zeta function of the lattice is (more-or-less) obtained from the Méellin trans-
form of 64 (z) — 1 along the imaginary axis:

o0
a3 C(s)(v-v)™* =/ xS LeT VX gy
0

n—SF(s)z;A(s)=/ X HOaGx) — 1) dx, (25.2)
0

where ¢4 (s) = ZUGA’#O(U -v)7%. Note that if A =7, then ¢4 (s) is twice the
Riemann zeta function, 2¢ (s).

Remark 4 This Méellin transform computation of the zeta function of a lattice is
analogous to the definition of the zeta function of a code.
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Why? Recall that the Méllin transform is the continuous analog of the power
series:

00 [oe]
/ »lax)dx < Za(n)x”.
0 n=0
Conversely, the inverse Méllin transform is analogous to extracting a power series
coefficient.
In Chap. 2, we will define apolynomial P(T) for which
T+ @A—-T)y)" Ac(x,y) —x"

P(T)=...4 227 7 pn-d .
1-7)A-4qT) () q-1

=~--+X”MT”_‘1+“-

:+x

wherez = y/x and W(z) = Ac (1, 7). Aswe will seelater, this polynomia P(T) is
the “Duursma zeta polynomial” of C, the numerator of a“Duursma zeta function.”
The theta-function of a lattice is analogous to the weight enumerator of a code.
Since the Méllin transform is analogous to a power series, and the inverse Mellin
transform is analogous to extracting a power series coefficient, we see that the zeta
function associated to a code is analogous to the zeta function associated to alattice.
Indeed, in each case, the zeta function is a multiplicative factor of a“transform” of
either 6 —1or W — 1.

Table of analogies

Binary codes Lattices

C A= A(C)

Ac(x,y) 04(2)

minimum distance, d  minimum squared distance d(A)
Aut(C) C S, Aut(A) C O(n)

We (@) 04(z)

¢e(T) sa(s)

Both zeta functions have a “ Riemann hypothesis.” See Chap. 2 for more details.

2.6 MoreProblemsRelated to a Prize Problem

In this section, we further describe one of the long-standing open problems in al-
gebraic coding theory. Thisis about the existence of a binary self-dual [72, 36, 16]
code. We refer to [Ki1].

Let C beabinary Typel code, and Cg the doubly even subcode Co of C (that is,
the subcode of C consisting of al codewords of weight =0 (mod 4)). Conway and
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Sloane defined the shadow S of C by S := COL\C [CS3]. The weight enumerator
Ags(x, y) of the shadow of C is determined by the weight enumerator A¢(x, y) of
C; Ag(x,y) = %Ac(x +y,i(x — y)), where i = v/—1. This restricts a possible
We(x, y) of abinary self-dual code. In [CS3], Conway and Sloane gave possible
weight enumerators of binary self-dual codes of lengths lessthan 72, and their work
initiated a number of interesting research problems.

Huffman [Hu] gives the most updated status of the classification and enu-
meration of self-dual codes over GF(2), GF(3), GF(4), Z4, GF(2) + uGF(2), and
GF(2) 4+ vGF(2). Using shadow codes, Rains [Ra] derived atight upper bound on
the minimum distance of a binary Type | self-dual code. The minimum distance
d of any binary self-dual code of length n satisfies d < 4|n/24| + 4 except when
n =22 (mod 24),inwhich cased < 4|n/24] + 6 (see[Ra]). Further if C isaTypel
codeof lengthn =0 (mod 24), thend < 4|n/24| + 2. Huffman callsaType| sdlf-
dua code length n = 0 (mod 24) whose minimum distance d attains this bound
“extremal.” Thisisamodification of the definition of Type | extremal codes given
after Lemma 40 above. However, for the purposes of stating some of the resultsin
Chap. 4 in the “cleanest way,” we retain the “unmodified” definition of extremal in
this work. In other words, we say that a self-dual code C is extremal if equality is
attained in the “origina” Mallows-Sloane bounds.

Open Praoblem 8 Prove or disprove that there exists a Type |l [24k, 12k, 4k + 4]-
code C (k) for k > 3.

We note that C (1) is the binary extended Golay code; any binary linear code
with parameters [24, 12, 8] is equivalent to C (1) [PI]. Further, C(2) isthe extended
quadratic residue code X Q47 of length 48. It was recently shown that thisis unique
up to equivalence among self-dual codes with parameters [48, 24, 12] [HLTPF]. This
raises the following question.

Open Problem 9 Prove or disprove that there is a binary linear [48, 24, 12] code
other than X Q47.

The existence of C(3) isthe first unknown case in the family C (k). It was given
as Open Problem 6. Thiswas originally suggested by Sloanein 1973 [S73]. The ex-
istence of C(3) will imply a5-(72, 16, 78) design, whose existenceis still unknown.
By Theorem 41, C (k) does not exist for k > 154 since A4i+g IS negative [Z].

The weight enumerator of a putative Type Il [72, 36, 16] code C (3) is given:

Wee) (1, y) = 1+ 249, 849y6 4+ 18, 106, 704y + 462, 962, 955y
+ 4,397, 342, 400y?8 + 16, 602, 715, 899y>2
+ 25,756, 721,120y + ... |

It is known that the only possible prime orders of an automorphism of C(3) are
2,3,5,and 7. Yorgov [Hu] proved that the automorphism group has order a divisor
of 72 or order 504, 252, 56, 14, 7, 360, 180, 60, 30, 10, or 5.



46 2 Sef-dual Codes, Lattices, and Invariant Theory

The existence of C(3) isequivalent to that of aTypel [70, 35, 14] code[Ra]. The
weight enumerator of a Typel [70, 35, 14] codeis corrected in [Hu]:

W =1+ 11, 730y + 150, 535y16 + 1, 345, 9608 + . - . .

It is shown [GHK] that the existence of C (k) implies the existence of a Type |
[24k, 12k, 4k + 2] code for k > 1. Hence the existence of C(3) implies a Type |
[72, 36, 14] code. Equivalently, the nonexistence of a Type | [72, 36, 14] code im-
plies the nonexistence of C(3). There is no known self-dual code with parame-
ters [72, 36, 14]. There are exactly three possible weight enumerators for a Type |
[72, 36, 14] code:

Wi =1+ 7616y1* + 134, 5216 4 1, 151, 040y + ... |

Wp =1+ 8576y1* + 124, 665y6 + 1, 206,912y + ... |
W3 =1+ 8640y14 + 124, 281y16 1 1, 207, 360y18 + . . - .

Open Problem 10 Prove or disprove that thereis abinary linear [72, 36, 16] code.

We note that thereisa[72, 36, 15] code by puncturing a[73, 36, 16] cyclic code
and that any [72, 36, d] code satisfies d < 17 from Brouwer’s Table.

Asfar aswe know, the existence of C(3) isthe only coding problem with mone-
tary prizes.

N.J.A. Sloane offers $10 (1973)—still valid.

F.J. MacWilliams offered $10 (1977)—invalid now.
S.T. Dougherty offers $100 for the existence of C(3).
M. Harada offers $200 for the nonexistence of C(3).

Further information of C(3) can be found in Dougherty’s website;

http://academic.scranton.edu/faculty/doughertysl/.
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Chapter 3
Kittens, Mathematical Blackjack,
and Combinatorial Codes

Can coding theory help you be a better gambler? Do unexpected combinatorial pat-
terns (called Steiner systems) arise naturally in codes? This chapter attempts to ad-
dress these types of questions.!

This chapter gives an exposition of some ideas of Hadamard and Mathieu, as well
as ideas of Conway, Curtis, and Ryba connecting the Steiner system S(5, 6, 12)
with a card game called mathematical blackjack. An implementation in SAGE is
described as well. Then we turn to one of the most beautiful results in coding theory,
the Assmus—Mattson Theorem, which relates certain linear codes to combinatorial
structures called designs. Finally, we describe an old scheme for placing bets using
Golay codes (the scheme was in fact published in a Finnish soccer magazine years
before the error-correcting code itself was discovered [HH]).

Open questions which arise in this chapter include conjectures on Hadamard
matrices and on which block designs “arise” from an error-correcting code.

3.1 Hadamard Matrices and Codes

Let A = (a;j)1<i,j<n be areal n x n matrix. The following question seems quite
natural in a course in advanced vector calculus or real analysis. It is not solved in
general and is called the Hadamard maximum determinant problem.?

1The books by Assmus and Key [AK] and Conway and Sloane [CS1] do into more detail in these
matters and are highly recommended.

2Hadamard determined the maximum value of |det(A)|, where the entries of A range over all
complex numbers |g;;| < 1, to be n"/2 and that this maximum was attained by the Vandermonde
matrices of the nth roots of unity.

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, a7
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_3, © Springer Science+Business Media, LLC 2011
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Open Problem 11 What is the maximum value of |det(A)|, where the entries of A
range over all real numbers |a;;| <1?

From vector calculus we know that the absolute value of the determinant of a
real square matrix equals the volume of the parallelepiped spanned by the row (or
column) vectors of the matrix. The volume of a parallelepiped with sides of a fixed
length depends on the angles the row vectors make with each other. This volume
is maximized when the row vectors are mutually orthogonal, i.e., when the paral-
lelepiped is a cube in R". Suppose now that the row vectors of A are all orthogonal.
The row vectors of A, |a;;| < 1, are longest when each a;; = &1, which implies that
the length of each row vector is \/n. Suppose, in addition, that the row vectors of A
are all of length /n. Such a matrix is called a Hadamard matrix of order n. Then
|det(A)| = (/n)" = n"/?, since the cube has n sides of length /n. Now, if A is any
matrix as in the above question, then we must have |det(A)| < n"/2. This inequality
is called Hadamard's determinant inequality.

Jacques Hadamard (1865-1963) was a prolific mathematician who worked in
many areas, but he is most famous for giving one of the first proofs of the prime
number theorem (in 1896). (The prime number theorem, “known” to Gauss though
not proven, roughly states that the number of prime numbers less than N is about
N/log(N) as N grows to infinity.)

The above question is unsolved for arbitrary » in the sense that it is not yet (as
of this writing) known for which » Hadamard matrices exist. Moreover, if n =3
(mod 4) (for such n, it is known that Hadamard matrices cannot exist), then the best
possible upper bound for |det(A)|, as A ranges over all n x n (—1, 1)-matrices, is
not known at the time of this writing.

Open Problem 12 (Hadamard conjecture) For each n which is a multiple of 4,
a Hadamard matrix exists.

(This conjecture might, in fact, be due to Raymond Paley, a brilliant mathemati-
cian who contributed to several areas of mathematics, including two constructions
of Hadamard matrices using the theory of finite fields. Sadly, he died in 1933 at the
age of 26 in a skiing accident.) At the time of this writing, the smallest order for
which no Hadamard matrix is presently known is 668.

What might be surprising at first sight is that there does not always exist a
Hadamard matrix—for some n, they exist, and for other n, they do not. For ex-
ample, there is a 2 x 2 Hadamard matrix but not a 3 x 3 one. What is perhaps even
more surprising is that, in spite of the fact that the above question arose from an
analytic perspective, Hadamard matrices are related more to coding theory, number
theory, and combinatorics [VLW], [Ho]! In fact, a linear code constructed from a
Hadamard matrix was used in the 1971 Mariner 9 mission to Mars.
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Example 59 Let

1 1 1 1 1 1 1 1 1 1 1 1
-1 1 1 1 1 1 1 -1 -1 -1 1 -1
-1 -1 1 1 -1 1 1 1 -1 -1 -1 1
-1 1 -1 1 1 -1 1 1 1 -1 -1 -1

This is a Hadamard matrix of order 12. A different Hadamard matrix of order 12
can be computed using SAGE:

SAGE

sage: hadamard_matrix(12)

[1 1 1 1 1 1 1 1 1 1 1 1]
[1-1 1-1 1 1 1-1-1-1 1 -1]
[1-1-1 1-1 1 1 1-1-1-1 1]
[1 1-1-1 1-1 1 1 1-1-1-1]
[1-1 1-1-1 1-1 1 1 1-1-1]
[1-1-1 1-1-1 1-1 1 1 1 -1]
[1-1-1-1 1-1-1 1-1 1 1 1]
[1 1-1-1-1 1-1-1 1-1 1 1]
[1 1 1-1-1-1 1-1-1 1-1 1]
[1 1 1 1-1-1-1 1-1-1 1-1]
[1-1 1 1 1-1-1-1 1-1-1 1]
[1 1-1 1 1 1-1-1-1 1-1-1]

Here SAGE is calling a native Python program, which implements some methods for
constructing Hadamard matrices. Another way to use SAGE to obtain a Hadamard
matrix is to look up the file hame on Sloane’s database http://www.research.
att.com/~njas/hadamard/, for example, had. 16. 2. t xt , and use the SAGE com-
mand

SAGE

sage: hadamard_matri x_ww(’ had. 16. 2. txt")

1 1 1 1]

1111 1 1 1 1
1-1 1-1 1-1]

[1 1 1 1
[1-1 1-1 1-1 1-1 1-1
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[1 1-1-1 1 1-1-12 1 1-1-1 1 1-1-1]
[1-1-1 1 1-12-1 1 1-1-1 1 1-1-1 1]
[1 1 1 1-2-12-1-2 1 1 1 1-1-1-1-1]
[1-2 1-1-2 1-1 1 1-1 1-1-1 1-1 1]
[1 1-1-2-12-12 1 1 1 1-1-1-1-1 1 1]
[1-2-12 1-2 1 1-12 1-1-1 1-1 1 1-1]
[1 1 1 11 1 1 1-1-1-1-1-1-1-1-1]
[1 1 1 1-1-1-1-1-1-1-1-1 1 1 1 1]
[1 1-1-1 2-1 1-2-1-1 1 1-1 1-1 1]
[1 1-1-1-2 1-1 1-1-1 1 1 1-1 1-1]
[1-1 1-1 1-12-1 1-1 1-1 1-1 1 1-1]
[1-2 1-1-2 1 1-2-1 1-12 1 1-1-1 1]
[1-2-1 1 1 1-1-2-1 1 1-1-1-1 1 1]
[1-1-1 1-1-12 1 1-1 1 1-1 1 1-1-1]

This command assumes that you are running SAGE from a computer with
an internet connection since it actually fetches the file had. 16. 2. t xt from
http://www research.att.com/~njas/hadamard/ and parses that file to return the ma-
trix given above.

Some easy to prove facts:

(a) if you swap two rows or columns of a Hadamard matrix, you will get another
Hadamard matrix;

(b) if you multiply any row or column of a Hadamard matrix by —1, you will get
another Hadamard matrix;

(c) if you multiply any Hadamard matrix on the left by a signed permutation matrix
(that is, a matrix with exactly one =1 per row and column), you will get another
Hadamard matrix;

(d) if you multiply any Hadamard matrix on the left by a signed permutation matrix
(that is, a matrix with exactly one +1 per row and column), you will get another
Hadamard matrix.

Definition 60 Let A, B be two Hadamard matrices of order n. Call A and B left
equivalent if there is an n x n signed permutation matrix P such that A = PB. Let
A be a Hadamard matrix of order n. Let Aut(A) denote the group of all n x n signed
permutation matrices Q such that A is left equivalent to A Q. This object Aut(A) is
called the automorphism group of A.

Mathieu groups, discovered in the 1800’s, are now know to arise natuarally in
many fields of mathematics (see Conway-Sloane [CS1] for an excellent treatment).
The following result is just one indication of the unique role of Mathieu groups in
mathematics.
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Theorem 61 It is known that any two 12 x 12 Hadamard matrices are equivalent,
i.e, that there is only one Hadamard matrix of order 12, up to equivalence. Let A
bea 12 x 12 Hadamard matrix. Then Aut(A) = M1».

The proof can be found in Assmus and Mattson [AM1] or in Sect. 7.4 in Assmus
and Key [AK] (see in particular their Theorem 7.4.3, which also discusses more
general codes associated to Hadamard matrices). Kantor [Kan] is another excellent
paper on this topic.

3.2 Designs, Orthogonal Arrays, Latin Squares, and Codes

An m-(sub)set is a (sub)set with m elements. For integers k < m < n, a Seiner
system S(k, m,n) is an n-set X and a set S of m-subsets having the property that
any k-subset of X is contained in exactly one m-set in S. For example, if X =
{1,2,...,12}, a Steiner system S(5, 6, 12) is a set of 6-sets, called hexads, with the
property that any set of 5 elements of X is contained in (“can be completed to”)
exactly one hexad.

A t-(v, k, 1) design D = (P, B) is a pair consisting of a set P of points and
a collection B of k-element subsets of P, called blocks, such that the number
of blocks that contain any point p € P is independent of p, and the number X of
blocks that contain any given 7-element subset T of P is independent of the choice
of T. The numbers v (the number of elements of P), b (the number of blocks), k,
r, A, and ¢ are the parameters of the design. The parameters must satisfy several
combinatorial identities, such as

v—i k—i
A’_k<t—i>/(t—i>
where A; is the number of blocks that contain any i-element set of points (1 <i <1).
A design without repeated blocks is called a simple design. A design with r =2 is
called a (balanced incomplete) block design (ir BIBD).

We may think of elements of GF(¢)" as both points and blocks as follows: let b =
(b1, ...,b,) € GF(g)" be regarded as a block, and p = (p1, ..., px) € GF(q)" be
regarded as a point. We say that b covers p, or p isin b, provided that (a) supp(p) C
supp(b) and (b) for all i € supp(d), (at least) one of the following conditions holds:
(i) pi =b;, (ii) pi =0.

More generally, a g-ary 7-(v, k, A) design D = (P, B) is a pair consisting of
the set P c GF(q)" of elements (called points) of weight ¢ and a collection B of
weight k elements of GF(¢)" (called blocks) such that every point p € P is covered
by exactly A blocks.

Example 62 Consider the 3-ary Hamming code having the generator matrix

G_(1 022
“\o 12 1)
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The nonzero codewords are
B= {(1, 0,2,2),(2,0,1,1),(0,1,2,1),(1,1,1,0), (2,1, 0, 2),
(0,2,1,2),(1,2,0,1),(2,2,2,0)}.
Let P denote the elements of GF(3)* having weight 2. There are 24 elements in P.

Each of these vectors is covered by exactly one element of B. Therefore, B, P gives
rise to a 3-ary 2-(4, 3, 1) design.

A Seiner system S(z, k, v) is a t-(v, k, 1) design with A = 1. A Seiner triple
systemis a Steiner system of the form S(2, 3, v).

Example 63 Here is a SAGE example.
SAGE

sage: from sage. conbi nat. desi gns. bl ock_design inport steiner_triple_system
sage: sts = steiner_triple_systen(9)

sage: sts

Incidence structure with 9 points and 12 bl ocks

sage: sts.incidence_matrix()

[111100000000]
[1T00011100000]
[010010011000]
[001010000110]
[01000100010 1]
[1T00000010011]
[00100010100 1]
[000101001010]
[00010011010 0]
sage: sts.points()

[0, 1, 2, 3, 4, 5 6, 7, 8]

Open Problem 13 (Assmus—Mattson [AM2]) What single-error-correcting linear
codes have the property that the supports of the codewords of weight 3 form a
Steiner triple system?

Remark 1 Example 62 above gives us one example. See Assmus—Mattson [AM2]
and the excellent survey by van Lint [vL2] for more details on this open question.

There are no known Steiner systems S(z, k, v) with ¢ > 5. The only ones known
(at the time of this writing) for ¢+ =5 are as follows:

8(5,6,12), S(5,6,24), S(5,8,24), S(5,7,28), S(5,6,48),
S(5,6,72), S(5,6,84), S(5,6,108), S(5,6,132), S(5,6,168), and
S(5, 6, 244).

Open Problem 14  Are there others with ¢ = 5? Are there any with ¢ > 5?

In Assmus—Mattson [AMZ2], there is mentioned a conjecture of Peyton Young on
the existence of a Steiner system with # = 9. This is still open, as far as we know.
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3.2.1 Examplesfrom Golay Codes

This subsection focuses on Steiner systems supporting Golay codes, such as
S(5,6,12) and S(5.8.24).

If S is a Steiner system of type (5,6, 12) in a 12-set X, then the symmetric
group Sx of X sends S to another Steiner system o (S) of X. It is known that if S
and S’ are any two Steiner systems of type (5, 6, 12) in X, then there is a o € Sy
such that §” = o (S). In other words, a Steiner system of this type is unique up to
relabelings. (This also implies that if one defines M1, to be the stabilizer of a fixed
Steiner system of type (5,6,12) in X = {1, 2,..., 12}, then any two such groups,
for different Steiner systems in X, must be conjugate in Sx. In particular, such a
definition is well defined up to isomorphism.)

By means of an example of how designs arise naturally from codes, we recall
some facts (see Conway and Sloane [CS1] and Sect. 8.4, page 303 of Huffman and
Pless [HP1]).

Recall that the extended binary Golay code is a linear code over GF(2) which is
of length 24, dimension 12, and minimum distance 8. Let C be an [n, k, d] code,
and let

Ci={ceClwt(c)=i}

denote the weight i subset of codewords of weight i.

Lemma 64 (Conway, Assmus, and Mattson) Let C denote the extended binary Go-
lay code. With respect to a fixed basis, coordinates supporting the codewords of
weight 8 form the 759 octads of a Steiner system S(5, 8, 24). More generally, The
set Xg = {supp(c) | ¢ € Cg} is a 5-(24,8,1) design (which is a Seiner system);
X12 = {supp(c) | c € C12} isa5-(24, 12, 48) design; and X1 = {supp(c) | ¢ € C15}
isa5-(24, 16, 78) design.

Recall that the extended ternary Golay code is a linear code over GF(3) of length
12 which is dimension 6 and minimum distance 6.

Lemma 65 (Conway) Let C denote the extended ternary Golay code. With respect
to a fixed basis, coordinates supporting the codewords of weight 6 form the 132
hexads of a Seiner system S(5, 8, 24). Conversely, for each hexad in this Steiner
system, there are exactly two codewordsin C1 supported on that hexad.

3.2.2 Assmus-Mattson Theorem

The previous section looked at the designs arising from the supports of codewords
of a fixed weight form a Golay code. More generally, we have the following the-
orem of Assmus and Mattson, which gives simple conditions under which a more
general code can produce analogous designs. Not only is the theorem below one
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of the most remarkable results in coding theory, it is helpful when computing the
automorphism group of a such a code and therefore can be useful in permutation
decoding procedures.

Theorem 66 (Assmus—Mattson Theorem?®) Let Ag, A, ..., A, betheweight distri-
bution of the codewordsin a binary linear [n, k, d] code C, and let Ay, Af, ..., A
be the weight distribution of the codewords in its dual [n, n — k, d-] code C*. Fix
at,0<t<d,andlets=|{i | A #0,0<i<n—t}|. Assumethats <d —1.

o IfA; A20andd <i <n,thenC; ={c € C | wt(c) =i} holdsa simple ¢-design.
e If Al £0anddt <i <n—1t,then C+ ={c e C* | wt(c) =i} holdsa simple
t-design.

Remark 2

e There is an interesting strengthening of this result in the paper of Calderbank,
Delsarte, and Sloane [CDS].

e The paper of Koch [Koch] (elucidating a theorem of Venkov) provides a fascinat-
ing addendum to this result in the special case where the code C is an extremal
self-dual binary code.

In the Assmus and Mattson Theorem, X is the set {1, 2,...,n} of coordinate
locations and B = {supp(c) | ¢ € C;} is the set of supports of the codewords of C of
weight i. Therefore, the parameters of the z-design for C; are

o ¢ (given),

e vV=mn,

e k=i (this k is not to be confused with dim(C), of course!),
e b=A;,

. A=b~@

()

(by Theorem 8.1.6, p. 294, in [HP1]).

Example 67 Consider the extended binary Hamming code with parameters [8, 4, 4].
This is a self-dual binary code. Take k =4, ¢ = 2, and v = 4, There are 14 code-
words of weight 4. These 14 codewords form the blocks of a simple 3-(8,4,1)
design.

Example 68 Consider the extended binary quadratic residue code with parameters
[48,24,12]. This is a self-dual binary code. The codewords of weight 12 form a
5-(48, 12, 8) design.

3See the excellent survey article by van Lint [vL2] or Sect. 8.4, p. 303 of [HP1].
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Here is a SAGE computation supporting this example.
SAGE

sage: C = ExtendedQuadrati cResi dueCode(47, G-(2))

sage: C

Li near code of length 48, dinension 24 over Finite Field of size 2

sage: C.is_self_dual ()

True

sage: C. mini mumdi stance()

12

sage: C.assnus_mattson_desi gns(5)

['weights fromC ', [12, 16, 20, 24, 28, 32, 36, 48],

"designs fromC:

[[5 (48, 12, 8)], [5, (48, 16, 1365)], [5, (48, 20, 36176)],

[5, (48, 24, 190680)], [5, (48, 28, 229320)], [5, (48, 32, 62930)],
[5, (48, 36, 3808)], [5, (48, 48, 1)]1,

"weights fromC-: ', [12, 16, 20, 24, 28, 32, 36],

"designs fromC: ',

[[5 (48, 12, 8)], [5, (48, 16, 1365)], [5, (48, 20, 36176)],

[5, (48, 24, 190680)], [5, (48, 28, 229320)], [5, (48, 32, 62930)],
[5, (48, 36, 3808)]11]

This example is also discussed in Assmus—Mattson [AMZ2], Sect. I11.

Example 69 Here is another SAGE example.

SAGE

sage: C = ExtendedBi naryCol ayCode()

sage: C.assnus_mattson_desi gns(5)

["weights fromC: ’

[8, 12, 16, 24],

‘designs fromGC °*,

[[5 (24, 8, 1)], [5, (24, 12, 48)], [5, (24, 16, 78)], [5, (24, 24, 1)]],
‘weights fromC: *,

[8, 12, 16],

‘designs fromC: °,

[[5 (24, 8, 1)], [5, (24, 12, 48)], [5 (24, 16, 78)]1]]

sage: C.assnmus_mattson_desi gns(6)

0

sage: blocks = [c.support() for c in Cif hamm ng_weight(c)==8]; |en(blocks)
759

The automorphism group of the extended binary Golay code is the Mathieu group
M>4. Moreover, the code is spanned by the codewords of weight 8.

Janusz have improved the Assmus—Mattson Theorem in the case of binary ex-
tremal Type Il codes as follows [Ja2].

Theorem 70 [Ja2] Let C bea[24m +8u, 12m + 4w, 4m + 4] extremal Typell code
for . =0,1, or 2, wherem > 1if =0, and u > 0 otherwise. Then only one of the
following holds:

(@) the codewords of any fixed weight i =£ 0 hold 7-designsfor r =7 — 2, or

(b) the codewords of any fixed weight i == 0 hold 7-designs for t =5 — 2u, and
thereisno i with 0 <i < 24m + 8u such that codewords of weight i hold a
(6 — 2u)-design.
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As mentioned in [HP1], there are no known extremal Type Il codes where the
second part of Janusz’s theorem is false. In particular, if n = 24m, this theorem
implies that if the codewords of some fixed weight i with 0 < i < n hold a 6-design,
then the codewords of any fixed weight i # 0 should hold 7-design. This indicates
that it is hard to obtain ¢-designs in codes for ¢+ > 5. In fact, there is no known
example of 7-designs in codes if r > 5. However, there do exist ¢-designs for any
t > 5 (Tierlinck [Tei]).

The following question is more specific than that in Open Question 14.

Open Problem 15 Does there exist a nontrivial 6-design held by the codewords of
a fixed weight in a code?

3.2.3 Orthogonal Arrays, Latin Squares and Codes

An M x n matrix A with entries from a set of ¢ elements is called an orthogonal
array of size M, having n constraints, g levels, strength k, and with index A, if any
set of k columns of A contains all ¢* possible row vectors exactly A times. Such an
array is denoted by OA(M, n, g, k). See [HSS] for details.

A Latin square of order n is an n x n array in which »n distinct symbols are
arranged so that each symbol occurs exactly once in each row and column.

Example 71 An example of a Latin square is

01 2 3 4
1 2 3 40
2 3 401
3401 2
4 01 2 3

Latin squares can be constructed using the multiplication table of a group. For in-
stance, the dihedral group D4 gives rise to

012 3

1 0 3 2

2 30 1)

3210

and the symmetric group S3 gives rise to

01 2 3 45
1 0 3 2 5 4
2 4 05 13
35140 2
4 25031
534120
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Here are some examples using SAGE.
SAGE

sage: from sage.conbinat.matrices.latin inmport *
sage: B = back_circulant(5); B

]

]

3]
sage: B.is_latin_square()

N O A

—

2
3
[234
0
1

NFOR_W

sage: L = group_to_Lati nSquare(Di hedral Goup(2)); L
[012 3]
[1 03 2]
[2 30 1]
[3210]
sage: L = group_to_LatinSquare(SymetricGoup(3)); L

DURPOWN
POoODOINW
NWOo R oA
RN~

Let Ly = (a;;) and Ly = (b;;) be Latin squares of order n > 2. The arrays L
and L, are called mutually orthogonal if, when superimposed into the n x n array
of pairs ((a;;, b;j)), each of the possible n? ordered pairs occur exactly once. A set
{L1,...,L,} of r Latin squares of order n > 2 is said to be orthogonal if any two
distinct Latin squares are orthogonal. We call this a set of mutually orthogonal Latin
squares (MOLS).

Example 72 An example of MOLS are

)

3
2
1
0

N WO
PO WN
w NP O
O WwWwN
O, N W
N WO

0
1
2
3

Let N(n) denote the maximum possible number of MOLS of order n. It is well
known that N(n) <n —1forany n > 2 and N (n) > 2 for any n except 2 and 6. See
the book [LM] on Latin squares for details.

Theorem 73 [MS] The rows of an OA(g*, n, ¢, k) linear orthogonal array A of
index unity and symbols from GF (¢) are the codewords of an [n, k] MDS code over
GF(gq), and conversely.

MacWilliams and Sloane [MS] suggest the following problem.
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Open Problem 16 Find the greatest possible z in an OA(¢*, n, ¢, k) of index unity.
Orthogonal arrays and Latin squares are related as follows.

Theorem 74 An MDS code with k = 2 is equivalent to a set of n — k mutually
orthogonal Latin squares of order g.

This was proven by Golomb, Posner, and Singleton (see [Sin] for a proof).
For 1 < n <99, the number of MOLS of order n is given by the table

2|13 4 5 6 7 8 9
112 3 4 1 6 7 8

It is conjectured that N (10) = 2. It is known that N(11) = 10 and N(12) > 5. See
Sequence A001438 in OEIS [OEIS]. In general, the exact value of N (r) is unknown.

Open Problem 17 Determine N (n) as the number of MOLS for n > 10.

3.3 Curtis Kitten, Conway’s Minimog

Conway and Curtis [Cul] found a relatively simple and elegant way to construct

hexads in a particular Steiner system S(5, 6, 12) using the arithmetical geometry of

the projective line over the finite field with 11 elements. This section describes this.
Let

P'(GF(11)) = {00,0,1,2,...,9, 10}

denote the projective line over the finite field GF(11) with 11 elements. Let

0=1{0,1,3,4,5,9}
denote the quadratic residues and 0, and let

L= (a, B) =P(2,GF(1D)),

where a(y) =y +1land B(y) = —1/y. Let

S={xmQ) I reL}.
Lemma75 S isaSeiner system of type (5, 6, 12).

The elements of S are known as hexads (in the “modulo 11 labeling”).

The “views” of Curtis’ kitten (Fig. 3.1) from each of the three “points at infinity”
({0,1, oo} are the “points at infinity” in the “modulo 11 labeling) is given in the
following tables.

6|10 |3 517 |3 5|7] 3
2|17 |4 6|9 |4 9141 6
51 9|8 2110 8 812110
picture at co picture at 0 picture at 1
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Fig. 3.1 Curtis’ Kitten

10

10

10

Each of these 3 x 3 arrays may be regarded as the plane GF(3)2. The lines of

this plane are described by one of the following patterns.

[ ] [} [ ] [ ] X o [ ) X o X [}
X X [ X [} (o) [ ] X (o) [ ]
o o o [ ] X (] X o [} L) X
slope 0 slope infinity slope —1 slope 1
SAGE

sage: M = M ni nog(type="nodul 011")
sage: view list(MIline[0])

[111]
[0 0 0]
[0 0 O]
sage: view list(MIline[3])

1]
1]
1]
age: view list(MIline[6])

[eNeNe)
[eNeNe)

0N r—r——

[100]
[0 10]
[0 0 1]
sage: view list(MIline[9])

1]
0]
0]

= OO
(el o]

sage: from sage. ganes. hexad inport view |ist
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The union of any two perpendicular lines is called a cross. There are 18 crosses.
The crosses of this plane are described by one of the following patterns of filled
circles.

e] (] L] o e] o L]

The complement of a cross in GF(3)? is called a square. Of course, there are also
18 squares, and the squares of this plane are described by one of the above patterns
of hollow circles.

The hexads are:

. three “points at infinity” union any line;

. the union of any two (distinct) parallel lines in the same picture;

. one “point at infinity” union a cross in the corresponding picture;

. two “points at infinity”” union a square in the picture corresponding to the omitted
point at infinity.

MWD

SAGE

sage: from sage. ganes. hexad i nport view |i st
sage: M = M ni nog(type="nodul 011")
sage: view list(Mcross[0])

[11 1]
[10 0]
[100]
sage: view_ |list(Mcross[10])

1]
0]
0]

== o
R = o

[
[
[
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Lemma 76 (Curtis [Cul]) Thereare 132 such hexads (12 of type 1, 12 of type 2, 54
of type 3, and 54 of type 4). They form a Steiner system of type (5, 6, 12).

3.3.1 The MINIMOG Description

Following Curtis’ description [Cu2] of a Steiner system S(5, 8, 24) using a 4 x 6

array, called the MOG, Conway [Co1] found an analogous description of S(5, 6, 12)

using a 3 x 4 array, called the MINIMOG. This section is devoted to the MINIMOG.
The tetracode words are

o 00 0j]0 + + 4]0 - - -—

+ 0 + —-|+ + - 0|+ — 0 +

- 0 - +|/- 4+ 0 —-|- - 4+ 0
With “0” =0, “4+” =1, “—" = 2, these vectors form a linear code over GF(3).
(This notation is Conway’s. One must remember here that “+” +“+”="“—"and
‘74" ="4"1) They may also be described as the set of all 4-tuples in GF(3)

of the form
0,a,a,a), Q,a,b,c), (2,c,b,a),

where abc is any cyclic permutation of 012,
The MINIMOG in the shuffle labeling is the 3 x 4 array

~ 01O
BN W
o~ O
[N

—~ o ®

(For comparison, the MINIMOG in the modulo 11 labeling is given in Sect. 3.3.4
below. We shall use the shuffle labeling below unless stated otherwise.)
We label the rows as follows:

o the first row has label 1,
e the second row has label -+,
e the third row has label —.

6 3 0 9
5 2 7 10
4 1 8 11

| + ©

A col (or column) is a placement of three + signs in a column of the array:

+ + + -
+ + + +
+ + + +
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A tet (or tetrad) is a placement of 4 “+” signs in the 3 x 4 array having entries
corresponding to a tetracode as follows:

+ + + +] [+ +
+ + o+
+ + +
0 0 00 0 + + + 0o - — -
- + -
+ + + o+ + -
+ + +
+ 0 + - + + 0 + - 0 +
+ + -
+ + +
- - - + ] L+ +
-0 - + -+ 0 - - - + 0

Each line in GF(3)2 with finite slope occurs once in the 3 x 3 part of some tet.
The odd man out for a column is the label of the row corresponding to the nonzero
digit in that column; if the column has no nonzero digit, then the odd man out is
a “?”. Thus the tetracode words associated in this way to these patterns are the odd
men out for the tets.

The signed hexads are the combinations 6-sets obtained from the MINIMOG
from patterns of the form

col —col, col+tet, tet—tet, col+ col— tet.

Lemma 77 (Conway, [CS1], Chap. 11, p. 321) If we ignore signs, then from these
signed hexads we get the 132 hexads of a Seiner system S(5, 6, 12). These are all
possible 6-sets in the shuffle labeling for which the odd men out form a part (in
the sense that and odd man out “ ?” isignored or regarded as a “ wild-card”) of a
tetracode word and the column distribution isnot 0, 1, 2, 3 in any order.*

Example 78 Associated to the col-col pattern

+ +
- — + =
- +

+ 4+
!

is the tetracode 0 0 ? ? and the signed hexad {—1, —2, —3, 4,5, 6} and the hexad
{1, 2,3, 4,5, 6}. Indeed, if you identify (, +, —) with (0, 1, 2), then you can see this
in SAGE as follows:

4That is to say, the following cannot occur: some column has 0 entries, some column has exactly 1
entry, some column has exactly 2 entries, and some column has exactly 3 entries.
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SAGE

sage: M= M ninog(type="shuffle")
sage: M m ni npg

8 11]
age: Mcol[0] - Mcol[1]

To verify that this is a hexad in the shuffle labeling, use the commands:
SAGE

sage: Mfind_hexad([1,2,3,4,5])
([1, 2, 3, 4, 5, 6], ['square 8, ’picture 0'])

Associated to the col+tet pattern

+ + +
+ — + + +| =
+

+ +

+ 1+

is the tetracode 0 + + + and the signed hexad {1, —2, 3, 6, 7, 10} and the hexad
{1,2,3,6,7,10}. Likewise, you can check this in SAGE using the following com-

mands:
SAGE

sage: Mcol[1] - Mtet[1]

[1100]
[0 21 1]
[01 0 0]
sage: M find_hexad([1,2,3,6,7])
([1, 2, 3, 6, 7, 10], ['square 5, 'picture 0'])

Furthermore, it is known [Co1] that the Steiner system S(5, 6, 12) in the shuffle
labeling has the following properties.

e There are 11 hexads with total 21 and none with lower total.
e The complement of any of these 11 hexads in {0, 1, ..., 11} is another hexad.
e There are 11 hexads with total 45 and none with higher total.

These facts will help us play the game mathematical blackjack in Sect. 3.3.2 below.
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3.3.2 Construction of the Extended Ternary Golay Code

Definition 79 The tetracode is the GF(3) code T with elements
0,0,0,0), (1,0,1,2), (1,2,0,1), (1,1,2,0), (0,1,1,1),
(2,0,2,1), (2,1,0,2), (2,2,1,0), (0,2,2,2).

It is a self-dual (4, 2, 3) code.

Here is Conway’s “tetracode” construction of the C12. Represent each 12-tuple
c=(c1,...,c12) € C1pasa 3 x 4 array

The projection of ¢ is
pr(c) = (cs5 — ¢g, c6 — €10, €7 — €11, €8 — C12).

The row score is the sum of the elements in that row. The column score is the sum
of the elements in that column. Of course, all computations are in GF(3).

Lemma 80 (Conway) Anarray c isin Cyy if and only if

o the (common) score of all four columns equals the negative of the score of the top
row,
e pr(c)eT.

There are several facts one can derive from this construction.

There are 264 codewords of weight 6, 440 codewords of weight 9, 24 codewords
of weight 12, and codewords 729 total.

Pick an arbitrary subset of 9 elements taken from {1, 2, 3, ..., 12}. It is the sup-
port of exactly two codewords of weight 9 in C12. Pick a random subset S of 6
elements taken from {1, 2, 3, ..., 12}. The probability that S is the support of some
codeword of weight 6 in C12 is 1/7.

Lemma 81 For each weight 6 codeword ¢ in C12, thereis a weight 12 codeword
¢’ such that ¢ + ¢’ has weight 6.

If we call ¢ + ¢’ a*complement” of ¢, then “the complement” is unique up to
sign.

Proof The support of the codewords of weight 6 form a S(5, 6, 12) Steiner system.
Therefore, to any weight 6 codeword ¢, there is a codeword ¢’ whose support is in
the complement of that of c. Let ¢’ =¢” —c. O

Remark 3 Although we shall not need it, it appears that for each weight 9 codeword
¢ in C12, there is a weight 12 codeword ¢’ such that ¢ + ¢’ has weight 6.
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3.3.3 The“col/tet” Construction

In fact, this only constructs the codewords of weight 6, but since they generate the
code, we can use them to compute a generating matrix for C1».

We translate the above definitions of col and tet using s slightly different notation
(replacing each blank by 0, + by 1, and — by 2). A cal (or column) is a placement
of three 1s in a column of the array (a blank space represents a 0):

1
1
1

1
1
1

1
1
1

[EEN

SAGE

sage:
sage:

[10
[10
[10
sage:

[eNeNe)
[eNeNe)

[
[
[

M = M ni nog(type="shuffle")

M col [ 0]

0 0]
0 0]
0 0]
M col [ 3]

0 1]
0 1]
0 1]

A tet (or tetrad) is a placement of 4 1s having entries corresponding (as explained
below) to a tetracode.

11

1 1 1

1

0 0 1 1 1 2
1 1 1
1 1

1
1 0 1 2 0 0
1 1

1 1
1 1
2 0 1 0 2 1

SAGE

sage:
sage:

M = M ni nog(type="shuffle")

M tet[O0]
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N —r——
o o
o o

age:
[01

[0 0
sage:

1 1]
0 0]
0 0]
Mtet[3]

0 0]
1 0]
0 1]
Mtet[8]

3 Kittens, Mathematical Blackjack, and Combinatorial Codes

0 1]
1 0]
0 0]

= OO
= OO

Each line in IF§ with finite slope occurs once in the 3 x 3 part of some tet. Define
the label of the first (top) row to be 0, of the second row to be —1, and of the bottom
row to be 1. The odd man out for a column is the label of the row corresponding to
the nonzero digit in that column; if the column has no nonzero digit, then the odd
man out is a “?”. Thus the tetracode words associated in this way to these patterns
are the odd men out for the tets.

Example 82 Associated to the col—col pattern

1
1
1

1
1
1

e

NN DN

is the tetracode (0, 0, ?, ?).
Associated to the col+tet pattern

1 1 1
1 + 1 11 =
1

PN e
[ SN
B

is the tetracode (0, 1,1, 1).

3.3.4 TheKitten Labeling

Recall that the MINIMOG in the shuffle labeling is the 3 x 4 array

6 3 0 9
5 2 7 10
4 1 8 11
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Fig. 3.2 The Kitten with
shuffle labeling 6

9

10 8
7 2 5
9 4 11 9
10 8 3 10 8
1 0

In Conway, [Co1], the MINIMOG for the “modulo 11 labeling” is given by

0 3 c0o 2
5 9 8 10
4 1 6 7

Since Steiner systems S(5, 6, 12) are unique up to relabelings, we should expect
a “kitten” for the shuffle labeling. There is one, and this section describes it. Com-
paring this MINIMOG with that for the shuffle labeling, we obtain the following
kitten in Fig. 3.2.

The “views” from each of the three “points at infinity” in the shuffle labeling is
given in the following tables.

51113 5|11 3 8110 | 3
8| 2 |4 2| 4| 8 91114
9110 |7 719 |10 512 |7

picture at 6 picture at 1 picture at 0
Example 83
e 0,2,4,5,6,11 is asquare in the picture at 1.
e 0,2,3,4,5,7 isacross in the picture at 0.

3.4 Playing “Mathematical Blackjack”

Mathematical blackjack is a two-person combinatorial game whose rules will be de-
scribed below. What is remarkable about it is that a winning strategy, discovered by
Conway and Ryba [CS2] and [KR], depends on knowing how to determine hexads
in the Steiner system S(5, 6, 12) using the shuffle labeling.
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Winning ways in mathematical blackjack

Mathematical blackjack is played with 12 cards, labeled 0, ..., 11 (for example:
king, ace, 2, 3, ..., 10, jack, where the king is 0, and the jack is 11). Divide the 12
cards into two piles of 6 (to be fair, this should be done randomly). Each of the 6
cards of one of these piles are to be placed face up on the table. The remaining cards
are in a stack which is shared and visible to both players. If the sum of the cards
face up on the table is less than or equal to 21, then no legal move is possible, so
you must shuffle the cards and deal a new game. (Conway [Co2] calls such a game
0 = {|}; in this game the first player automatically loses, and so you courteously
offered the first move!)

e Players alternate moves.

e A move consists of exchanging a card on the table with a lower card from the
other pile.

e The player whose move makes the sum of the cards on the table under 21 loses.

The winning strategy (given below) for this game is due to Conway and Ryba
[CS2], [KR]. There is a Steiner system S(5, 6, 12) of hexads inthe set {0, 1, ..., 11}.
This Steiner system is associated to the MINIMOG of in the “shuffle numbering”
rather than the “modulo 11 labeling.”

Proposition 84 (Ryba) For this Seiner system, the winning strategy is to choose a
move which is a hexad from this system.

This result is proven in [KR].

If you are unfortunate enough to be the first player starting with a hexad from
S(5, 6, 12), then, according to this strategy and properties of Steiner systems, there
is no winning move. In a randomly dealt game there is a probability of

132

o =17

()
that the first player will be dealt such a hexad, hence a losing position. In other
words, we have the following result.

Lemma85 Theprobability that thefirst player hasawinin mathematical blackjack
(with arandominitial deal) is6/7.

Example 86
o Initial deal: 0, 2,4, 6, 7, 11. The total is 30. The pattern for this deal is
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where e is a . No combinations of + choices will yield a tetracode odd men out,
so this deal is not a hexad.

o First player replaces 7 by 5: 0,2, 4,5, 6, 11. The total is now 28. (Note that this
is a square in the picture at 1.) This corresponds to the col+tet

_l’_
+

|+ +

with tetracode odd men out — + 0 —.
e Second player replaces 11 by 7: 0, 2,4, 5, 6, 7. The total is now 24. Interestingly,
this 6-set corresponds to the pattern

(hence possible with tetracode odd men out 0 4+ + ?, for example). However, it
has column distribution 3, 1, 2, 0, so it cannot be a hexad.

o First player replaces 6 by 3: 0, 2, 3, 4,5, 7. (Note that this is a cross in the picture
at 0.) This corresponds to the tet—tet pattern

with tetracode odd men out — — + 0. Cards total 21. First player wins.

Example 87 Actually, SAGE would play this game another way (also leading to a
win).

SAGE

sage: M= M ninpg(type="shuffle")
sage: M bl ackjack_nove([O0, 2,4,6,7,11])
"4 --> 3. The total went from30 to 29.°

Is this really a hexad?

SAGE

sage: Mfind_hexad([11,2,3,6,7])
(fo, 2, 3, 6, 7, 11], [’'square 9, 'picture 1'])
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So, yes it is, but here is further confirmation:
SAGE

sage: M bl ackjack_nove([O0, 2, 3,6, 7, 11])

This is a hexad.

There is no winning nove, so nake a random | egal nove.
[0, 2, 3, 6, 7, 11]

Yes, SAGE tells you that it is indeed a hexad.
Suppose that player 2 replaced the 11 by a 9. Your next move:
SAGE

sage: M bl ackjack_nove([O0,2,3,6,7,9])
"7 --> 1. The total went from27 to 21.°

You have now won. SAGE will even tell you so:
SAGE

sage: M bl ackj ack_nove([0, 2,3,6,1,9])
"No nove possible. Shuffle the deck and redeal .’

3.5 Playing the Hor ses

How can a perfect, ternary code provide a good way of winning bets on horses?
Suppose that 11 horses are racing and you must bet on the results of all 11 (each
bet can be a win, a second place finish, or a third place finish). You wish to place
the minimum number of bets such that, no matter what the results of the race, one
of your bets picks the correct outcomes for at least 9 of the horses. The [11, 6, 5]
ternary Golay code corrects two errors and is perfect, so every vector (here, inter-
preted as a possible bet on the 11 horses) is at a Hamming distance of no more than
2 from some codeword. Therefore, if you bet the various combinations of wins,
losses, and ties indicated by the 3% = 729 codewords, one of your bets will have
only 2 (or fewer) horse results predicted wrong.

How do you construct the [11, 6, 5] ternary Golay code? Easy. Take the extended
[12, 6, 6] ternary Golay code and delete the last coordinate. In SAGE, it is very easy:

SAGE

sage: C = TernaryGol ayCode()

sage: C

Li near code of length 11, dinmension 6 over Finite Field of size 3
sage: C.random el enent ()

(1, 2,1, 1, 2,1, 1, 1, 2, 2, 2)

Typing C. | i st () will print all codewords, hence give a listing of all the bets you
should make!



Chapter 4
The Riemann Hypothesis and Coding Theory

If the ring of integers Z is analogous with the polynomial ring GF(p)[x], then we
have the following comparisons:

7 <~ GF(p)[x]
prime numbers < irreducible polynomials in GF(p)[x],

where p is a prime,

§ (S) <> Zpl (S)
(Riemann zeta function) ~ (Hasse-Weil zeta fcn of P1/GF(p)).

This analogy extends (no pun intended) to finite algebraic extensions, leading to
analogies between the Dedekind zeta function ¢x (s) of a number field K and the
Hasse—Weil zeta function of a smooth projective curve defined over a finite field.
If the ring of integers O of a number field K are analogous with the coordinate
ring GF(q)(X) of a smooth projective curve X/GF(gq), then we have the following
comparisons:

o <~ GF(g)(X)
prime ideals in O <« prime ideals in GF(¢)(X),

where ¢ is a prime power (discussed briefly using SAGE in Sect. 4.4.4 below),

Lk (s) <~ Zx(s)
(Dedekind zeta function)  (Hasse-Weil zeta fcn of X/GF(q)).

The basic idea behind this is that if we believe that the Riemann hypothesis holds
for the Riemann zeta function, and its analogs for Dedekind zeta functions, then we
should also believe in its truth for the Hasse—Weil zeta function for curves. (The
Riemann hypothesis for curves was settled by A. Weil in the 1940s.)

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 71
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_4, © Springer Science+Business Media, LLC 2011


http://dx.doi.org/10.1007/978-0-8176-8256-9_4

72 4 The Riemann Hypothesis and Coding Theory

I. Duursma [D1, D2, D3, D4, D5, D6] has defined a zeta function for linear codes
and has extended this analogy to linear codes,* so that in some vague sense:

Hasse-Weil zeta function of acurve <  Duursma zeta function of a code.

In particular, there is an analog of the well-known Riemann hypthesis in coding
theory. This chapter is devoted to explaining the fascinating details surrounding this
open question.

4.1 Introduction to the Riemann Zeta Function

The Riemann hypothesis, first formulated by Bernhard Riemann in 1859, is one of
the most famous and important unsolved problems in mathematics. The Riemann
hypothesis is a conjecture about the distribution of the zeros of the Riemann zeta-
function ¢ (s). The Riemann zeta-function ¢ (s) is the function of a complex variable
s initially defined by the following infinite series:

=1
L(s) = -~

for values of s with real part greater than one. A globally convergent series for the
zeta function, valid for all complex numbers s except s = 1, was conjectured by
Konrad Knopp and proved by Helmut Hasse in 1930:

1 Sl n s
) =11 > TS kZ(—l)k (k) (k+1)~°. 4.11)

n=0 =0

Another interesting property that the Riemann zeta function has is its so-called func-
tional equation:

C(s) = 25t sin(%) rd—s)c(l—s).
If we let
£(s) =n—3‘/zr<%>;<s>,

then we can rewrite this as

1 —s)=§().

Because of (4.1.1), the Riemann zeta-function is defined for all complex numbers
s # 1. It has zeros at the negative even integers (i.e., at s = —2, —4, —6, ...). These

LIn fact, this analogy can be extended to an analogy between curves and matroids. The analogy
with curves and codes is discussed in more detail in Sect. 4.4.4 below.
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are called the trivial zeros. The Riemann hypothesis is concerned with the nontrivial
zeros and states that:

The real part of any nontrivial zero of the Riemann zeta function is %

It has been an open question for almost 150 years, despite attracting concentrated
efforts from many outstanding mathematicians.

4.2 Introduction to the Duursma Zeta Function

Let C be an [n, k, d], code, i.e., a linear code over GF(g) of length n, dimension
k, and minimum distance d. Recall that the Singleton bound states that d + k <
n + 1 and that codes which satisfy equality in this bound are called MDS (maximum
distance separable) codes.

Motivated by analogies with local class field theory, in [D1] lwan Duursma in-
troduced the zeta function Z = Z associated to a linear code C over a finite field,

P(T)

ZT)y=—
1-T)A—-4T)

(4.2.1)

where P(T) = Pc(T) is a polynomial of degree n + 2 — d — d*, called the zeta
polynomial .2 If C is self-dual (i.e., C = C1), it satisfies a functional equation of the
form

P(1) =q8z2gp<i).
qt

This does not look too much like the functional equation for the Riemann zeta func-
tion (yet).
If y=y(C)=n+1—k—d (the genusof C) and if

2e(T) = Zc(MTY,
then the functional equation can be written in the form
ze1(T) =z¢c(1/qT).

If we let

te($)=Zc(qg™)
and

Ec()=zc(q7*).

2In general, if C is an [n, k, d]-code, then we use [n, k1, d+] for the parameters of the dual code,
C1. Itis a consequence of Singleton’s bound that n 42 — d — d* > 0, with equality when C is an
MDS code.
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then ¢¢ and &¢ have the same zeros, but &¢ is “more symmetric” since the functional
equation expressed in terms of it becomes?

Ect(s)=&c(1—ys).

Abusing terminology, we call both Z¢ and ¢¢ the Duursma zeta function of C.

4.3 Introduction

Recall that a linear code C is called an [n, k, d],-code if it is a k-dimensional sub-
space of GF(¢)" having minimum distance d,

d= min wt(c),
ceC,c#0

where wt is the Hamming weight of a codeword. The dual code of C, denoted C+,
has parameters [n,n — k,d"] for some d+ > 1. The genus of an [n, k, d],-code C
is defined by

y(C)=n+1—k—d.

This measures how “far away the code is from being MDS.” If C is an algebraic-

geometric code constructed from the Riemann—Roch space of an algebraic curve

over GF(q), then it is often equal to the genus of the curve (see [TV] for details).
Note that if C is a self-dual code, then its genus satisfies y =n/2+1—d.

4.3.1 Virtual Weight Enumerators

The following definition generalizes the notion introduced in Sect. 2.1 above.

Definition 88 A homogeneous polynomial F(x,y) = x" + > _/_; fix"~'y' of de-
gree n with complex coefficients is called a virtual weight enumerator with support
SUpp(F) = {0} U {i | f; 0} If F(x,y) =x"+ Y1, Aix" "'y’ with A4 #0, then
we call n the length of F and d the minimum distance of F. Such an F of even de-
gree satisfying (2.2.1) is called a virtually self-dual weight enumerator over GF(g)
having genus

y(FY=n/2+1—d.

If b > 1is an integer and supp(F) C bZ, then the virtual weight enumerator F is
called b-divisible.

3This notation is inspired by analogous notation used for functions associated with the classical
Riemann zeta function. See any book on the Riemann zeta function or http://en.wikipedia.org/
wiki/Riemann_zeta_function.
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The classification of nontrivial formally self-dual divisible codes into the four
Types (as defined in Chap. 2) has a virtually self-dual weight enumerator analog.
In other words, the Gleason—Pierce theorem has a strengthening where the hypoth-
esis does not require the existence of a code, only a form which certain invariance
properties.

Theorem 89 (Gleason—Pierce-Assmus—Mattson) Let F' be a b-divisible virtually
self-dual weight enumerator over GF(g).

Then either
. g=b=2,
Il. g=2,b=4,
. g =b=3,
V. g=4,b=2,

V. g isarbitrary, b =2, and F(x, y) = (x2 + (¢ — 1)y?)"/2.

Proof The proof (or proofs—there are now two of them) is due to Assmus and
Mattson. The easiest place to access the argument is in the excellent survey paper
by Sloane [SI]. The rough idea is as follows (for details, please see Sect. 6.1 in
Sloane’s paper).

Let G denote the subgroup of GL(2,C) generated by the matrix of the
“MacWilliams transform”

Fix y)'_>F(x+(q—1)y x—y>

NN

together with the diagonal matrices having bth roots of unity on the diagonal (since
F(x,y)— F(¢x,y)and F(x, y) —> F(x, ¢y) both fix F if ¢ € F isany bth root
of unity). Let G’ denote its image in PGL(2, C). Think of F(x, y) as a function f(z)
of z = x/y on PL. Let m denote the number of zeros of f (not counting multiplicity).
By the invariance properties, m = 1 is impossible. If m = 2, then the invariance
property implies (V). If m > 3, then G’ must be finite. The classification of finite
subgroups of PGL(2, C) results in the remaining possibilities (1), ..., (IV). O

Next we give the virtual weight enumerator analog of Definition 39 above.

Definition 90

e Let F(x, y) be avirtually self-dual weight enumerator. If » > 1 is an integer and
SUpp(F) C bZ, then F is called b-divisible.

o If F is a b-divisible virtually self-dual weight enumerator over GF(g), then F is
called

Type | ifg=b=2, 2|n,
Typell ifg=2, b=4, 8|n,
Type lll ifg=b=3, 4|n,
TypelV ifg=4, b=2, 2|n.
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Theorem 91 (Sloane-Mallows-Duursma) If F isa b-divisible virtually self-dual
weight enumerator with length » and minimum distance d, then

- b[m] +b if FisTypel,

d= b[b(bLJrz)] +b if Fis Type 2.

(4.3.1)

In particular,

2[n/81+2 if FisTypel,

4[n/24]1+4 if FisTypell,

~ | 3[n/12] +3 if Fis Type Ill,
2[n/6]1+2 if FisType IV.

Proof This is only stated for self-dual codes, but the proof of Theorem 1 and the
argument in Sect. 1.1 of Duursma [D3] hold more generally for virtually self-dual
weight enumerators. A complete proof is given in Appendix 7.4 below. d

Definition 92 A virtually self-dual weight enumerator F is called extremal if the
bound in Theorem 91 holds with equality.

Remark 8

e Here is a more general definition. Let G be a subgroup of GL(2, C) containing

o= %(iq:ll), actingon C[x, ylby o : F(x,y) —> F(o(x,y)),and x : G —

C* acharacter. Call a virtual weight enumerator F of length n a formally yx -self-
dual weight enumerator, or a virtually self-dual weight enumerator twisted by x,
it

F(x,y)=x<o>F<”(q — by x _y>.

Vi Vi

The virtually self-dual weight enumerator definition above is the special case
where y is a trivial. This “twisted” definition also covers, for example, the case
of Ozeki’s “formal weight enumerators” in [O]. For brevity, we call F a twisted
virtually self-dual weight enumerator if it satisfies

Fix y):_F<x+(q—l)y x—y>.

Vi Vi
Much of the theory of zeta functions for virtually self-dual weight enumerators

also applies to twisted virtually self-dual weight enumerators. See Chinen [Ch1,
Ch2] and Sect. 4.8 below.

(4.3.2)

4This “twisted” terminology is motivated by terminology in automorphic forms and arithmetical
algebraic geometry for analogous objects.
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o Note that a virtual weight enumerator does not depend on a prime power ¢ but a
virtually self-dual weight enumerator does depend on ¢ through (2.2.1).

Definition 93 A virtual weight enumerator F is formally identified with an object
we call a virtual code C subject only to the following condition: we formally extend
the definition of C — A¢ to all virtual codes by A¢c = F. Of course, if F is the
weight enumerator of an actual code, say C’, then we have Ac = F = A¢. In other
words, a virtual code is only well defined up to formal equivalence. If C1 and C> are
virtual codes, then we define C1 + C> to be the virtual code associated to the virtual
weight enumerator Ac, (x, y) + Ac, (x, y).

The following question is really more a question of the classification of self-dual
codes than of virtually self-dual weight enumerators. An excellent reference is the
book [NRS].

Open Problem 18 Given a virtually self-dual weight enumerator F, find necessary

and sufficient conditions (short of enumeration) which determine whether or not F
arises as the weight enumerator of some self-dual code C.

4.4 The Zeta Polynomial

We shall give three definitions of the zeta polynomial, all due to Duursma.

4.4.1 First Definition

Definition 94 A polynomial P(T) for which

T+ @A -=T)y)" P(T)= -+ Ac(x,y) —x"

T”—d_|_...
1-7)A-4qT) g—1

is called a Duursma zeta polynomial of C.

The Duursma zeta function is defined in terms of the zeta polynomial by means
of (4.2.1) above.

d xT+yA-=T)"

Lemma 95 If we expan TP a=gD)

in powersof T, wefind that it is equal to

bo,0y" T + (b1,1xy" ™ + b1,0y™") T + (b2,2x%y" ™2 + b 1xy" ™ + bpoy") T?
+ oo (Buedn—ax™ Y+ by—g gy by 0y T
+ cee
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where b; ; are the coefficients given by

ko k—it1 .
ey —1/(n\ /(i
bk,Z_Z‘ < q-1 (l><£)

1=

for0<¢ <k <n—dandb;,=0 otherwise.
Proof Use (4.4.2) below and compare the coefficients. O

Proposition 96 The Duursma zeta polynomial P = P¢ exists and is unique, pro-
vided that d+ > 2.

Proof This is proven in the appendix to Chinen [Ch2]. Here is the rough idea. Ex-

pand % in powers of T, as in Lemma 95 above. The Duursma polyno-

mial is a polynomial of degree n + 2 — d — d*. Provided that d* > 2, the Duursma
polynomial can be written as P(T) = ag +a1T + - -- + a,—qT"~?. Now, use
«T+y@A-T))H" F(x,y)—x"

P(T)= 4+ ————71" ...
1-7)A-¢qT) @ q-1

to express the coefficients by means of the matrix equation B -a = A given by

boo bio ... bngo ayd A, /(g —1)
0 b1 ... byaa a Ap-1/(@—1)
0 0 bpo ... Caul P (4.4.1)
0 . 0 bn—d,nfd “0 Ad/(q Y

Thanks to Lemma 95 above, we know that the diagonal entries of this matrix are bi-
nomial coefficients, b; ; = (), hence are nonzero. Therefore the matrix is invertible,
and the existence is established. d

Here is a corollary of the proof. (These identities are given in [D5] as (5) and (6);
see also (4.1) of [D4].)

Corollary 97 (Duursma) If d+ > 2, then P(0) = (¢ — 1)‘1(3)_1Ad, and

A
qd%i - (d :’L 1) (P(0)(g — d) + P'(0)).

In particular, P always has a nonzero positive constant coefficient.

Proof By the above proof, b,_; ,—; is the ith binomial coefficient, and so the first
equation follows from the system of equations in (4.4.1).
The second equation follows similarly, so its proof is omitted. O
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Example 98 Consider the self-dual code C of length n = 6, dimension k£ = 3, and
minimum distance d = 2. This is unique up to equivalence and has weight enumer-
ator W(x, y) = x8 + 3x%y2 + 3x2y* + y. The SAGE commands

SAGE

sage: ¢, T,x,y = var("q,T,x,y")
sage: f1 = lanbda q, T, N

sun([ sum([g”i for i in range(k+1)])*T*k for k in range(N])
sage: f2 = lanbda x,y, T, n:

sun([ binomal (n,j)*(x-y)*j*y*(n-j)*T*j for j in range(n+l)])
sage: a0, al, a2, a3,a4 = var("a0, al, a2, a3, a4")
sage: F = expand(f1(2,T,6)*f2(x,y, T, 6)*(a0+al* T+a2* TA2+a3* T 3+ad*T"4))

compute the first 6 terms (as a power series in T') of the series %P(D

when g =2, n =6, k =3, and d = 2. Next, we compute the coefficients and read

off the matrix B:
SAGE

sage: aa = (F.coeff("T"4")).coeffs("x")
sage: v = [expand(aa[i][0]/y~(6-i)) for i_in range(5)]

sage: BO = [v[O].coeff("a%"%tr(i)) for i in range(5)]
sage: Bl = [v[1].coeff("a%"%tr(i)) for i in range(5)]
sage: B2 = [v[2].coeff("a¥%"%tr(i)) for i in range(5)]
sage: B3 = [v[3].coeff("a%"%tr(i)) for i in range(5)]
sage: B4 = [v[4].coeff("a%"%tr(i)) for i in range(5)]
sage: BO.reverse(); Bl.reverse(); B2.reverse(); B3.reverse(); B4.reverse()
sage: B = matrix([BO, B1, B2, B3, B4])

sage: B

[ 1-34-21]

[ 06 -12 12 0]

[ 0015 -15 15]

[ 000 20 0]

[ 000 0 15]

Note that the diagonal entries are binomial coefficients. .
Finally, we compute the vector A and solve the equation B - a = A:
SAGE

sage: WIK6 = 3*xN4*yN2+3*xN2*yN4+yn6

sage: ¢ = [Wx6(1,y).coeff("y "%"%tr(i)) for i in range(2,7)]
sage: c.reverse()

sage: A = vector(c)

sage: (BM(-1)*A).list()

[4/5, 0, 0, 0, 1/5]

This implies that the zeta function of C is given by P(T) = % + %T"’.

Duursma has given several definitions (all equivalent of course) of P(T). Before
stating another one, we need the following definition and lemma.

Definition 99 Define c; by

GT+(A-T)yy)" «— f
= ,T*.
A-Dya—qn ~ 2@
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Define M,, s by
My, s(x,y) =x" + (g — Den—s(x, y).
This is called the MDSvirtual weight enumerator of length » and distance §.
It is not hard to see that

/+1

1- T)(l qT) Z

j=0

and of course

=

(xT+@A-T)y)" = (’l’) Y (x —y)I T
0

i=

Therefore,

J+1_1 . :
cr(x,y) = Z R A ( )y"’ (x—y). (4.4.2)

i+j=k
A version of the following result is stated in Duursma [D5] (see his (9)).

Lemma 100 If F isavirtual weight enumerator of length n» and minimum distance
d, then there are coefficientsc € Q and ¢; = a;(F) € Q such that

F(x,y)=cx" +aoMyq(x,y) + arMy g11(x,y) + -+ a, My a4, (x,y) (4.4.3)

forsomer,0<r<n-—d.Infact,c=1—ayg—---—a,.

Proof The functions M), 44i(x,y) — x™ form a basis for the vector space V =

(g bix" 'y | b € Q).

Consider the equation

F(x,y) —x" =ao(Mpq(x,y) —x") +a1(Myas1(x, y) — x")
+"'+ar(Mn,d+r(xvy)_x )

If r =dim(V) — 1, then one can solve for the ag, .. ., a,. Without loss of generality,
we may take r > 0 to be as small as possible. We have then

Fx,y)=0—ao—---—a)x" +aoMy q(x,y) +arMy g11(x, y) +---
+arMn,d+r(xvy)- O

Example 101 We use SAGE [S] to compute examples.
When g =2,

Mo 5(x, y) = —34y10+220xy® —585x2y8 +840x3y" —630x*y +252x°y5 + x10
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and when g =3,

Miz5(x, y) = —48y'% + 1152xyMt — 2376x2y10 1 8360x3y° — 7920x*®
+ 9504x°y" — 3696x°y0 4 1584x "5 4 x12.
The negative coefficients in these polynomials are consistent with the fact that
for codes of dimension greater than 1, the length of an MDS code satisfies the
bound n < g + k — 1 (see, for example, pages 12-13 in [TV]). In the first exam-
ple, a [10, 6, 5] code must satisfy 10 <2 + 6 — 1 (so it does not exist), and, in the
second example, a [12, 8, 5]3 code must satisfy 12 < 348 — 1 (so it does not exist).
On the other hand, when g = 13,
M1z 5(x, y) = 312177312y 4 312178752x y*! 4 143076384x2y10

+ 39755760x°3y° + 7436880x*y® + 100742457

+ 88704x%y° + 9504x7y5 4 x12,
Indeed, according to SAGE’s ReedSol ononCode command, there is an MDS
code C having parameters [12, 8, 5]13:

SAGE

sage: C = ReedSol ononCode( 12, 8, G-(13))
sage: C. spectrum()

[1,
0,
0,
0,
0,
9504,
88704,
1007424,
7436880,
39755760,
143076384,
312178752,
312177312]

This SAGE session tells us that

spec(C) =[1,0,0,0,0, 9504, 88704, 1007424, 7436880, 39755760, 143076384,
312178752, 312177312],

as the above (independently obtained) computation implies.
These virtual weight enumerators are computed using the following SAGE code:
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SAGE

sage: R = Pol ynoni al R ng(QQ 2, "xy")

sage: X,y = R gens()

sage: f = lanbda q,n, m:\

(x*T+y*(1-T))AM(n)*sum([T*i for i in range(m])\
*sum([(gq*T)~i for i in range(m])

sage: M= lanbda g,n,d,m: (f(gq,n,m.list())[d]*(qg-1)+x"n

As long as mis taken to be sufficiently large, this code will return the correct value
of M, 4.

Example 102 The Duursma zeta function of the [2" — 1,2" — r — 1, 3]-Hamming
code, Ham(r, GF(2)), can be computed using the following SAGE commands:

SAGE

sage: C = Hanmi ngCode(3, GF(2))
sage: C. zeta function()
(2/5*T"2 + 2/5*T + 1/5)/(2*T"2 - 3*T + 1)
sage: C = Hanmi ngCode(4, GF(2))
sage: C. zeta_function()
(16/429*T"6 + 16/ 143*T"5 + 80/ 429*T"4 + 32/ 143*T"3\
+ 30/ 143*T"2 + 2/ 13*T + 1/13)/(2*T"2 - 3*T + 1)

In other words,

$QT?+2T +1)

Zram@.6r@) (1) = "5 —ar

and

135 (16T6 + 4875 4807 + 9673 + 9072 + 66T + 33)

ZHam@,6E) (T) = 272 3T +1

Example 103 The Duursma zeta function of the maximal binary linear self-dual
doubly even code of length 8 can be computed using the following different SAGE
commands:

SAGE

sage: Ms = MatrixSpace(G-(2), 4, 8)

sage: G =

ms([[1,1,1,10,0,0,0,[(0,0,1,1,1,1,0,0],[0,0,0,0, 1, 1, 1, 1],
[1,0,1,0,1,0,1,0]])

sage: C = Linear Code(Q

sage: C

Li near code of length 8, dinmension 4 over Finite Field of size 2

sage: C.zeta_function()
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(2/5*T*2 + 2/5*T + 1/5)/(2*T"2 - 3*T + 1)
sage: C.sd_zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: C == C. dual _code()

True

In other words,

Pc(T) = (2T% + 2T +1)/5.

4.4.2 Second Definition

Here is Duursma’s second definition of the zeta polynomial.

Definition 104 Let F = Ac denote the weight enumerator of a [n, k, d],-code C.
Using the coefficients a; = a; (F) of (4.4.3), define

P(T)=Pc(T)=ap+a1T+---+a,T".

This P(T) is the Duursma zeta polynomial of C.
More generally, if F is an virtual weight enumerator and the coefficients a; =
aj(F)areasin (4.4.3), define P(T) = Pr(T) =apo+a1T +---+a,T".

Note that by comparing coefficients of x” on both sides of (4.4.3), we see that
ap+---+a, =1lisequivalentto P(1) = 1.

Example 105 Note that if C is an MDS code of length » and minimum distance d
over GF(g), then Ac = M, 4 (this is proven as part of the discussion in Sect. 2 of
Duursma [D2]). This forces ¢ =0, ap = 1 in (4.4.3), s0° P(t) = 1.

Remark 9 Note that [#, k, d] makes sense as parameters of a virtual weight enumer-
ator when F is a weight enumerator of an actual code C (so F = A¢) or when F'is
a virtually self-dual weight enumerator (so y =n/2 —d + 1, where n and d are as
in Definition 88) or a virtual MDS code (so k =n + 1 — d).

Lemma 106 The Duursma zeta function of Definition 94 is the same as the Du-
ursma zeta function of Definition 104.

Proof By Definition 99, the zeta polynomial of Definition 94 associated to F = A¢
is T" if you replace F = Ac by F = M, 4+ ;:

CT+ A=)y Maae (6, 0) ="

=. T”_d_|_...
1-T)A—-4qT) g—1

5See also Duursma’s Proposition 1 in [D5] and Chinen’s Theorem 3.2 in [Ch3].
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Multiply by a; and sum both sides over j € {0, ..., r} to obtain Definition 104.
Therefore, P(T) satisfying Definition 94 also satisfies Definition 104. O

4.4.3 Third Definition

In preparation for the third definition, which originated in Sect. 7 of Duursma [D1],
we introduce some notation.

Let C be an [n, k,d], code, let S C {1,2,...,n} be a subset, let Cs denote the
subcode of C of codewords with support contained in S, and let kg = kg(C) denote
the dimension of Cg.

Lemma 107 Thedimension kg satisfies

fe — 0 for 0 <|S| <d,
ST k=m—|S]) forn—dt<|S|<n.

When d < |S| <n — d*, then kg depends on S and C in a more subtle way.

Proof It follows from the definition of the minimum distance d that k¢ =0 if 0 <
|S| < d. If Cis [n, k, d], then the dual code CL is [n,n —k,d*],s0n —k +d+ <
n+1l,ord-<k+1.1f8={j|1<j<n,j¢S} then Cg is isomorphic to
the code “shortened on $¢.” The dimensions of such shortened codes are given in
Theorem 1.5.7 in [HP1]. In particular, if |S¢| < d*, then we find ks =n — |S¢| —
(n — k) =k — |5, as desired. O

The binomial moments of C are the integers B3, B}, B3, ... defined by

ks _ 1
q

Bl=BlC)= ) P
N

|S|=i

Lemma 108 The binomial moments satisfy

Bl 0o for0<i<d,
P (S forn—dt<i<n,
q
Proof This is an easy corollary of the above lemma. O

The numbers

b = b;(C) = B / < i l.) (4.4.4)



4.4 The Zeta Polynomial 85

are called the normalized binomial moments of C (0 <i <n — d). We extend this
toalli € Z by

fori <0,

0
bi=bilC) =1 gty g, gl g

q—1

Finally, we can give Duursma’s third definition.

Definition 109 Define the zeta function of C to be the generating function of the
normalized binomial moments of the code:

(0.¢]
Z(T)=Y bT".
i=0
This is a rational function (see Duursma [D1], Sect. 7),

1-T)A—-4qT)
where
P(T)=ap+ar1T + -+ ay,p g go "9

is the zeta polynomial, and
ai=b; — (q+1)bj_1+ gb;_». (4.4.5)

Lemma 110 The Duursma zeta function of Definition 109 is the same as the Du-
ursma zeta function of Definition 94.

Proof If

n
Bl(x,y) = Z B}x"_jyj
j=0
and Ac(x,y) =x" + (g — 1)AL(x, y), then it is known® that BX(x, y) = A (x +
y, y). Therefore, AC(;’% =Bl(x —y, y) and

T+ y)'Z(T) =+ B @ T4+

(where z = x — y) defines the Duursma zeta polynomial of C in the sense of Def-
inition 94. Let us compare coefficients of z¢7”~¢ on both sides. On the right-hand
side, itis B ,, and on the other side, it is (})b,—q—¢. We must verify that these are

5This is proven in Sect. 9 of [D5]. See Theorem 1.1.26 and Exercise 1.1.27 in [TV] for a closely
related result.
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the same. However, this is the formula for the normalized binomial moment and so
is, by definition, true. O

As a corollary, we find that if the weight enumerator A¢ is known, then

A ,y) — no o
Bl(x,y): C(X+y y) (x+y) :ZB]:xn—]y]
q-1 —
j=0
is easy to compute, and the coefficients of the zeta polynomial are given by (4.4.4)
and (4.4.5). (In fact, this is what the SAGE command zet a_pol ynom al com-
putes.)
SAGE

sage: C = Hanmi ngCode(3, GF(2))

sage: C. zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: C = best_known_linear_code(6, 3, G-(2))
sage: C. m nimum di stance()

3

sage: C. zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

4.4.4 Analogieswith Curves

Let X be a smooth projective curve of genus’ g over a finite field GF(g). Suppose
that X is defined by a polynomial equation F(x, y) =0, where F is a polynomial
with coefficients in GF(g). Let Ni denote the number of solutions in GF (¢*) and
create the generating function

G(t) = Nit 4+ Npt? /2 + N3t3 /3 + - - .
Define the zeta function of X by the formal power series
£(1) = ¢x (1) =exp(G (1)), (4.4.6)

so Z(0) = 1. In particular, the logarithmic derivative of ¢ () has integral coefficients.
It is known that®
p()

“O=aha=an

"These terms will not be defined precisely here. Please see Tsafsman and Vladut [TV], Sect. 2.3.2,
or Schmidt [Sc] for a rigorous treatment.

8This was first proved by Dwork using p-adic methods [Dw].
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with p = px a polynomial of degree 2g, where g is the genus of X. This has a
“functional equation” of the form

p() =qgt2gp<i>-
gt

The logarithmic derivative of ¢x is the generating function of the sequence of count-
ing numbers {N1, N, ...}. The Riemann hypothesis for curves over finite fields
states that the roots of P have absolute value ¢ —1/2. It is well known that the Rie-
mann hypothesis holds for ¢x (so the roots of zeta function of a curve all have
absolute value 1/,/g; this is a theorem of Andre Weil from the 1940s). Therefore,
by a suitable change-of-variable (replacing ¢ by ¢/,/q ), we see that curves over fi-
nite fields give rise to a large class of example of polynomials having roots on the
unit circle. The paper of Kedlaya discusses approaches to finding such polynomials
whose coefficients satisfy some arithmetic conditions.

These roots can be interpreted in terms of the eigenvalues of a linear transfor-
mation® on a vector space. In fact, there is a unitary symplectic 2g x 2g matrix
©® = Oy such that?

p(0) =det(1 — 1q*?0).

When C is a formally self-dual AG code (associated to a smooth projective curve
X of genus g over a finite field, a divisor D on X and points {P;} on X disjoint
from D; see, for example, [TV, TVN]) of genus g (as a code), the Duursma poly-
nomial P = P¢ “often” has the same degree as p = px and satisfies the same func-
tional equation. One can see using Theorem 4.1.28 in [TVN] that such codes are
rather easy to construct, so this situation is not too unusual. This motivates the fol-
lowing question.

Open Problem 19 Let C be a formally self-dual code over GF(g). When is there a
curve X/GF(g) for which the zeta function of the curve ¢ is equal (up to a constant
factor, if necessary) to the zeta function Z¢ of the code?

Since the Riemann hypothesis holds for ¢x, a necessary condition for Open
Question 19 to hold is that the Duursma zeta function of the code must satisfy the
Riemann hypothesis. Generally, the Duursma zeta function of a self-dual code does
not satisfy the Riemann hypothesis, but see Example 9.7 in [D6] for two (self-dual)
codes for which this holds. Here is a SAGE computation which verifies this:1?

91n fact, it is possible to interpret P(r) in terms of the characteristic function of “the Frobenius
operator” acting on a cohomology space, though we shall omit details here.

105ee Faifman and Rudnick [FR] for an interesting analysis of the “statistics” of the eigenvalues
of ® in the case where X is “hyperelliptic.”

1The reciprocal of the numerator of the ¢ -function of a curve is the characteristic polynomial of
the Frobenius endomorphism of the Jacobian, i.e., the Frobenius polynomial.
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SAGE

sage: K = GF(2)

sage: E = EllipticCurve(K,[0,1,1,-2,0]); E

Elliptic Curve defined by y*"2 + y = x*3 + x"2 over Finite Field
of size 2

sage: E.trace_of _frobenius()

-2

sage: E.frobenius_pol ynom al ()

XN2 + 2*XxX + 2

Remark 10 However, there are other reasons to question that these zeta functions
agree except in unusual circumstances. For example, using Sect. 3.1.1 (especially,
Corollary 3.1.13) in [TVN], one sees that p(1)/p(0) = ¢/ h, where h is the so-called
class number of X (which is the number of GF(g)-rational points on the Jacobian
of X, [TVN], p. 135). On the other hand, P(0)/ P (1) is given in Corollary 97 above.

It is possible that g/ h = (g — 1)*1(3)*1Ad, but, if true, this is highly nonintuitive.

Alain Connes and others have worked on a natural spectral interpretation of the
zeros of the Riemann zeta function. In other words, one wants to construct a self-
adjoint operator on a Hilbert space whose spectrum is the set of nontrivial zeros of
the Riemann zeta function. In the analogy between the Riemann zeta function and
the Hasse—-Weil zeta function of a curve X, the analog of this self-adjoint operator
is the Frobenius operator on a certain cohomology space. The next open question
asks is there an analog for Duursma zeta functions as well?

Open Problem 20 Let C be a self-dual code over GF(g). When is there a linear
operator @ on a “natural” rational vector space for which the zeta polynomial P =
Pc can be interpreted in terms of the characteristic function of @?

The coefficients of the logarithmic derivative of the Hasse-Weil zeta function of
acurve X/GF(q) are integers—they count the number of points of X over a certain
extension field of GF(g). Is there an analog for the Duursma zeta function?

Open Problem 21 Let C be a self-dual code over GF(g). Is there a “natural” inter-
pretation of the coefficients of the logarithmic derivative of Z¢? Does the logarith-
mic derivative of Z¢(T) have integral coefficients?

There is a “natural” interpretation of the coefficients of P-—see the construction
in Sect. 4.4.3 above.

4.5 Properties

We survey some of the most remarkable properties, both conjectured and proven, of
these zeta functions.
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4.5.1 The Functional Equation

If y =y (C) is the genus of C and if
2c(T) = Ze( T,
then the functional equation in [D1] can be written in the form
zcr(T) =zc(1/qT).
If we let
te(s)=Zc(q™)
and

Ec(s)=zc(q™).

then ¢¢ and &¢ have the same zeros, but &¢ is “more symmetric” since the functional
equation expressed in terms of it becomes!?

fct(s)=&c(1—ys).

Abusing terminology, we call both Z¢ and ¢¢ the Duursma zeta function of C.
The analog of this for a virtually self-dual weight enumerator is as follows: let F
denote a virtually self-dual weight enumerator with degree n and minimum distance
d,soy=n+1—k—d=n/2+1—d isthe genus.
In fact, since Duursma’s zeta function only depends on C via its weight enumera-
tor Ac(x, y) of C, for any virtual weight enumerator F(x, y), there is an associated
zetafunction Z = Zr and zetapolynomial P = Pr. If we define F by F+ = Foo,

where
1 _
o — 1 g-1
va\l -1)

then there is a functional equation relating Z and Z+ = Z .. (and hence also P and
PL = Pp.). Note that even though F may not depend on ¢, F* (and hence Z)
does.

Proposition 111 For any virtual weight enumerator F satisfying

F(x,y)=aoMyq(x,y) +aiMy g41(x,y) + - +a, My g1r(x,y)

and for any ¢, the zeta function Z = Zr satisfies the functional equation

1-g
1L -t _ (1YL
Z- ()T _Z<qT><qT) . (4.5.1)

12This notation is inspired by analogous notation used for functions associated with the classical
Riemann zeta function. See any book on the Riemann zeta function or http://en.wikipedia.org/wiki/
Riemann_zeta_function.
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Analogously, the zeta polynomial P = Pp satisfies the functional equation
N 1 Lol
P-(T)=P| — |g8T5"¢ ", (4.5.2)
qT

whereg=n/2+1—dand gt =n/2+1—d*.

Remark 11 (1) Note that both P+ and P are polynomials of degree n +2 —d —
d+ =g+ gt and g is the genus if F = Ac is an actual weight enumerator.

(2) This proof is essentially the same as that of Proposition 9.2 in [D6]. This
hypothesis here is slightly more general.

Proof This is a consequence of Definition 104 and the MacWilliams identity.
By hypothesis, the coefficients a; = a;(F) of (4.4.3) satisfy ap + --- +a, = 1.
Therefore, F+ = F o o satisfies

Ft=aoM, 00 +aiM, 4,100 +---+a, My g4, 00. (4.5.3)

Recall that the dual of the MDS code with parameters [n, k, 8] is the MDS code
with parameters [z, k-, §*]. By this and MacWilliams’ identity, we have M,, 500 =

"M, s =q* 2 M, 51, where k481 =n+1,and k = n— 8§+ 1 is the di-
mension of the (V|rtual) MDS code of length n and minimum distance § (for a proof
of this, see Appendix A in Duursma [D5]). Thus, M, 5 o o = ¢"/**1 %M, , 5.2,
and it follows that

L 2415
F~= Z as—aq" My 142
d<é<d+r

8'—1-n/2
= Z Ap—§'4+2—dq "/ Mn,S/
n—d—r+2<8'<n—d+2

n/2—d—r+1+38"
= Z ar—S”q/ My pn—d—r+2+s8-

0<8"<r
This implies
PYT)=ai +aiT + - +aT"
:arqn/27r7d+l+ar_1qn/27r7d+2T+._.+a0qn/27d+lTr
— arqn/Z—r—d—H + ar_lq"/z_r_dH(Tq) 4o aoqn/Z—r—d+l(Tq)r
=¢"*" Y4, + a,1(Tq) + -+ ap(Tq)")
=¢"7 (T g) (ag + ar(Tq) ™+ +a (Tq)™")
q”/z‘d“T’P(l/qT). 0
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4.5.2 Puncturing Preserves P

Suppose that C is an [n, k, d] code over GF(g) and i is any integer satisfying 1 <
i <n. The punctured code P; (C) at the coordinate i is the code having length n — 1
obtained by projecting C onto the remaining coordinates. The shortened code S; (C)
at the coordinate i is the code having length n — 1 obtained by projecting the subcode

{c=(cl,...,cn)€C | ¢ =O}
onto the remaining coordinates.

Lemma 112 If C isalinear code of lengthn and i isaninteger, 1 <i <, then
Pi(C)" = Si(CH).

A check-hit extension C is a code of length n + 1 of the form

)l’l+1

{(Cla < Cny Cl‘l+1) € GF(q | (Cla tee C}’l) € Ca Cn+l1 =C 'a}

for some fixed vector a € GF(¢)".

To end this section, we recall that the zeta polynomial of a code C, P¢, remains
the same if we replace C by (a) the averaged puncturing P (C) of C, (b) the averaged
shortening S(C) of C, or (c) a check-bit extension C of C. These facts provide
inductive formulas for computing the zeta polynomial.

Theorem 113 (Duursma [D5]) If C isalinear code of length n, if

1 n
F == _
PO(X,y) =~ > Ar)(x,y)
i=1
denotes the averaged punctured weight enumerator, and if
1 n
F == .
sO(X,y) =" ZAS, ©(x,y)
i=1
denotes the averaged shortened weight enumerator, then

PC(T) = PFp(c)(T) = PFS(C)(T)-

This is proven in Sect. 5 of Duursma [D5].

4.5.3 The Riemann Hypothesis

Knowledge of the zeros of Z(T') could be very useful for understanding the possible
values of the minimum distance. Let C be a code which isnot MDS. If p1, o2, ..., pr
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denote the zeros, counted according to multiplicity, of the Duursma zeta polynomial
P(T) of alinear code C, then

P(T) 1
P(T) _ZT—p,-'

i

Proposition 114 (Duursma) If [Ag, ..., A,] denotes the spectrum of C. then

— Agrrd+1
d=q— -1 _ZerzT o
q Xi:pl Ag n—d

In particular,
d<q-) p"
i

The proof uses the assumption that C is an actual linear code, not a virtual code,
and that P(T) # 1.

Proof For the first statement, see Corollary 97. The second statement follows from
the first since Aj{—zl > 0. O

In particular, if C is any b-divisible code with » > 2, then

d=q->) p ™. (4.5.4)

If F is a virtually self-dual weight enumerator, then the zeros of the zeta function
Cr(s) (or Ep(s)) occur in pairs about the “critical line” Re (s) = %

Definition 115 We say the zeta function ¢z (or, by abuse of terminology, the vir-
tually self-dual weight enumerator F) satisfies the Riemann hypothesis (if all zeta
zeros occur on the “critical line.”

The following result is not best possible, but illustrates the idea that for “large” ¢,
the Riemann hypothesis is “often” false.

Corollary 116 Let C be an [, k, d] code over GF(g) with Ag41 =0, g > n?,
2<d,andd +d*+ <n+ 2. 1f n > 3, then the Duursma zeta polynomial is not a
constant and does not satisfy the Riemann hypothesis.

This is an easy consequence®® of Proposition 114, and the proof is left to the
reader. The hypotheses to this corollary are probably not best possible. The point is
that it should not be hard to construct codes which violate the Riemann hypothesis.

13 Assume that the Riemann hypothesis is true and ¢ > n2. Then show that the hypothesis contra-
dicts the trivial estimate g —d < | Y, p; ' <r/g = (n +2 —d — d*) /q.
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Example 117 It is clear from Example 105 above that the Duursma zeta function
may have no zeros (i.e., may be constant). Indeed, this is true for all MDS codes,
including some formally self-dual ones.*

Remark 12 Let F denote a virtually self-dual weight enumerator as in Proposi-
tion 111, and let #(T') = z¢ (T //q ). The functional equation implies that »(7') is a
self-reciprocal function: »(1/T) = r(T). The Riemann hypothesis is the statement
that all 2y zeros of »(7') lie on the “critical line” |T| = 1. If ro(0) = r(¢'?), then the
functional equation and the fact that » has rational coefficients imply

ro(0) = ro(—60) =ro(0).
In other words, ro(0) is real valued.

The following open question is all the more tantalizing because we actually know
(thanks to Duursma [D3]) explicitly the Duursma zeta functions of all extremal
virtually self-dual weight enumerators.

Open Problem 22 (Duursma) For all extremal virtual (self-dual) weight enumera-
tors F, the zeta function Z = Z satisfies the Riemann hypothesis.

This is the Riemann hypothesis for virtually self-dual weight enumerators.

Lemma 118 Let F denote a virtually self-dual weight enumerator of genus y as
above, and let P = Pp denote the associated zeta polynomial. It is known that
P(T?/q) =T? f(T + T~1), where f € R[x] is a polynomial of degree 2y with
real coefficients.

Proof See Duursma [D3], Theorem 7 and Lemma 10. O

4.6 Self-reciprocal Polynomials

Thanks to the functional equation for the Duursma zeta polynomial, the validity
of the Riemann hypothesis for a self-dual code (more generally a virtual self-dual
weight enumerator) can be reduced to the question of whether or not a related poly-
nomial has all its zeros on the unit circle. This section contains some of the basic
results known about zeros of self-reciprocal polynomials on the unit circle.

14Formally self-dual MDS codes exist—see Example 12 in [JKT], which gives a formally self-
dual [42, 21, 22]-code over a very large extension of GF(7). (In fact, this code even has As as its
permutation automorphism group.) Even better, in Kim and Lee [KL], a self-dual MDS code with
parameters [10, 5, 6]41 is constructed.
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4.6.1 “Smoothness’ of Roots

A natural question to ask about zeros of polynomials is how “smoothly” do they
vary as functions of the coefficients of the polynomial?

To address this, suppose that the coefficients a; of the polynomial p are functions
of a real parameter ¢. Abusing notation slightly, identify p(z) = p(¢, z) with a func-
tion of two variables (r € R, z € C). Let r = r(¢) denote a root of this polynomial,
regarded as a function of z:

p(t, r(t)) =0.
Using the two-dimensional chain rule,

d
0= Ep(t, r@®) = pe(t,r@) +r' @) po(t,r @),

S0 r'(t) = —p; (¢, r(2))/p(t, r(1)). Since p,(¢,r(t)) = p'(r), the denominator of
this expression for r/(¢) is zero if and only if r is a double root of p (i.e., a root of
multiplicity 2 or more).

In answer to the above question, we have proven the following result on the
“smoothness of roots.”

Lemma 119 r =r(¢) issmooth (i.e, continuously differentiable) as a function of
t, provided that ¢ isrestricted to an interval on which p(¢, z) has no double roots.

Consider the distance function

d@t)=|r@|

of the root r. Another natural question is: How smooth is the distance function of a
root as a function of the coefficients of the polynomial p?

The analog to Lemma 119 holds with one extra condition.
Lemma 120 d(t) = |r(z)| issmooth (i.e, continuously differentiable) asa function
of 7, provided that r isrestricted to an interval onewhich p(z, z) hasno doubleroots
and r(r) #0.

Proof This is basically an immediate consequence of the above lemma and the chain

rule,
) :
x=r(t)

4.6.2 Variations on a Theorem of Enestrom-Kakeya

d o d|x|
E|r(t)|—r(t)-<ﬁ

The following theorem was discovered independently by Enestrom (in the late
1800s) and Kakeya (in the early 1900s).
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Theorem 121 (Enestrom-Kakeya, Version 1) Let f(T) =ag + a1T + --- + ax T*
satisfy ag > a1 > --- > a; > 0. Then f(T) hasnorootsin |T| < 1.

Remark 13 Replacing the polynomial by its reverse, here is “version 2” of the
Enestrom-Kakeya theorem: Let f(z) = ag + a1z + - - - + axz* satisfy 0 < ag < a1
<---<ag. Then f(z) hasnorootsin |z| > 1.

An interesting discussion on the “sharpness” of this result (i.e., to what extent a
converse theorem holds) can be found in Anderson, Saff, and Varga [ASV].

Below, we state Chinen’s lemma, discovered independently by W. Chen,'® whose
proof is sketched in the next section (see also [Ch3]).

Corollary 122 (Chen-Chinen) If f(T) is a degree m polynomial of “ decreasing
symmetric form’

fM)y=a+arT +--- +61ka +akTm_k +ak_1Tm_k+1 + .o+ agT™

with ag > a1 > --- > a; > 0, then all roots of f(T) lie on the unit circle |T| =1,
provided that m > k.

4.6.3 A Literature Survey

We recall some facts about self-reciprocal polynomials having roots on the unit
circle from papers of Ancochea [An], Anderson, Saf, and Varga [ASV] Bonsall and
Marden [BoM], Chen [Chen], Chinen [Ch3], DiPippo and Howe [DH], Fell [Fe],
Kedlaya [Ked], S.-L. Kim [K], Kim and Park [KiP], Konvalina and Matache [KM],
works of Lakatos and Losonczi [L1, L2, LL1, LL2], Petersen and Sinclair [PS], and
Schiznel [Scl].

There is also a closely related body of research on Littlewood polynomials
(which may have in fact motivated many of the papers listed above), for exam-
ple, Drungilas [Dr] or Mercer [M]. These papers are related to the investigation of
the “Littlewood problem” in connection with autocorrelation of binary sequences.
However, the Littlewood polynomials are sufficiently different from the (suitably
normalized) Duursma zeta polynomials that we shall have no need to refer further
to those results.

For example, Lemma 2.1.1 in DiPippo and Howe [DH] provides one way of
classifying those polynomials of even degree in R[x] which have all its roots on the
unit circle. That result is discussed below following some preliminary definitions.

A polynomial p of the form

m
P =3 a2,
j=0

15 Actually, Chen found a somewhat stronger result—see Theorem 134 below for a special case.
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where m > 1, a,, #0, ag, ..., a, €C,and aj = a,,—; (0< j <m/2), is called a
self-reciprocal polynomial of degree m. Define the reciprocal or reverse polynomial
of p by

() =799 . p(1/z), (4.6.1)

where p is a polynomial of degree deg(p). Denote by R[z],, the polynomials of
degree < m with real coefficients.

Rlz]n = {p € R[z] | deg(p) <m}. (4.6.2)

Denote by R, the self-reciprocal polynomials of degree < m with real coefficients,

Ry = {P ER[zlm | p= [7*}~
If p is a self-reciprocal polynomial of degree 2n, then

2n
P =) ajz! =7"[az (" +27") + - +anpa(z+27) +an]
j=0

This shows that if 8 is a zero of p, thensois 1/8.
The following statement is proven in Lakatos [L2]:

Lemma 123 For each p € Ry, of degree 2n with ay, # 0, there are n real numbers
a1, ..., o, such that

n

p(2) =az l_[(z2 —az+1). (4.6.3)
k=0

The Chebyshev transformation 7 : R», — R[z], is defined on the subset'® of
polynomials of degree 2n by
Tp(x) =az | [(x —aw),

k=0

where x =z +z71, and p and o; are as in (4.6.3).
The following statement is proven in Lakatos [L2].

Lemma 124 The Chebyshev transformation T : R, — R[z], iS a vector space
isomor phism.

18For simplicity, in this definition, we assume that ay, # 0; see [L2] for the general definition of 7.
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Forany X; e C(1<i <n), let
eO(Xla XZa ceey Xn) = 15

el(X]JXz""’X}’l): Z X]9

1<j<n

(X1, X2, X) = Y X;Xp,

1<j<k<n

ea(X1, Xa,... X) = Y X;XiX,

1<j<k<l<n

en(X1, X0, ..., X)) =X1X0--- X,.
The following result is proven in Losonczi [Los].

Lemma 125 For all n > 1 and «; € C, we have

n

2n
[T -z +1) =) cansd,
k=1

k=0

where ¢z, k = can. 20— and

[k/2]
—k+2¢
conk = (=1 E <n ¢ )ek—ze(al,--.,an)
=1

for0<k <n.

The following statement is proven in DiPippo and Howe [DH] (and found inde-
pendently by Losonczi [Los]).

Lemma 126 A polynomial p € Ry, hasall its zeros on the unit circleif and only if
therearen real numbersas, ..., a, intheinterval [—2, 2] such that (4.6.3) holds.

Remark 14 If p(z) € R, is a self-reciprocal monomial polynomial having all its
coefficients lying on the unit circle, then p is determined by its n — 1 coefficients.
The topology and volume of those coefficients, regarded as a subset of R”~1, were
recently determined by Petersen and Sinclair [PS].

Here is a different characterization, discovered by A. Cohn, of self-reciprocal
polynomials having all roots on the unit circle.



98 4 The Riemann Hypothesis and Coding Theory

Theorem 127 (Schur-Cohn) Let p(z) be a self-reciprocal polynomial of degreen.
Suppose that p(z) has exactly r zeros on the unit circle (counted according to mul-
tiplicity) and exactly s critical points in the closed unit disc (counted according to
multiplicity). Thenr =2(s + 1) — n.

According to Chen [Chen], the above result of Cohn, published in 1922, is closely
related’ to a result of Schur, published in 1918. The following beautiful result is an
immediate consequence.

Corollary 128 A self-reciprocal polynomial polynomial has all its zeros on the unit
circleif and only if all the zeros of its derivative lie inside or on the unit circle.

See also Bonsall and Marsden [BoM] and Ancochea [An] (where they reprove a
result of Cohn closely related to the theorem above).

There are various results in these papers which are, roughly speaking, stated as
follows: if p(z) € Ro, is “near” a nonzero constant multiple of 1 + z + - - - + z2",
then p has all its zeros on the unit circle. Here is an example of such a statement
from Lakatos [L1].

Theorem 129 (Lakatos) The polynomial p € Ry, given by

n
p(Z):E(ZZn+Z2n71+...+z+1)_i_zak(Zank_i_Zk)
k=1

has all its roots on the unit circle if the coefficients satisfy the following condition:

n
€1=2) " laxl.
k=1

A similar result holds for the odd-degree case (see [LL2]).
A statement in a similar framework, also due to Lakatos, is the following.

Theorem 130 (Lakatos) The polynomial p € R, given by

m
p(2) = Zaij
j—0

has all its roots on the unit circle if the coefficients satisfy the following condition:

m
lam| > Z |Clj — aml.
j=0

1n fact, both are exercises in Marden [Ma].
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Remark 15 (1) This result was generalized by Schiznel in 2005 [Scl] (the term
la; — an| was replaced by a more general linear combination).

(2) Of course, if p(z) is very near the polynomials 1 + z + --- 4+ z, then the
differences a; — a,, are very small, and the hypothesis obviously holds. In particular,
this implies that self-reciprocal polynomials that are very near the polynomials 1 +
z 4 ---+ 7™ have all their zeros on the unit circle.

Example 131 For example, according to SAGE, f(z) =1+4+z+z°+z%and f(z) =
1+ z+4 22 + 2% + z° + 28 have all their roots on the unit circle, but f(z) =1+z +
272 4 22% + z° + z8 has only some (2 of its 6) roots on the unit circle.

Here is a detailed simple example to try to give some intuitive insight into the
unusual results in the previous two theorems.

Example 132 Consider the polynomial
@ =14+A+1) 2+

where ¢t € R is a parameter. Let R(¢) denote the set of roots of f;, so

" (l+t)2—4}

R(t) = { >

and let

r(t) = max {|z|}
ZER(1)
be the size of the largest root. We plot this function r(¢). The claim is that »(¢) is
not “smooth.”
Note that if 0 < < 1, we have

—1—t4i/4—(1+1)?

r(t)= >

B (1+1)2 4—(1+l)2 1/2_
(0t ey

The plot'® of r(¢) in the range —5 < ¢ < 3 is in Fig. 4.1. This plot suggests that r ()
is not differentiable. Indeed, if r > 1, then r(¥) = oy A47—4 VZ(H')Z_“, S0

1 14+
rt)y=—=+ +

2 JA+02-4

Note that lim,_ 14 7' (t) = 0.

18The plot was created using SAGE’s list_plot command, though the axes labels were modified
using G VP for ease of reading.
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Fig. 4.1 Size of the largest
root of the polynomial
1+A+0z4+2% -5<1<3

We will return to this topic in Sect. 4.6.1.

Corollary 133 Consider a formally self-dual code C with associated zeta poly-
nomial P(T) = Zl.zio a;T! and “normalized” (self-reciprocal) zeta polynomial
R(T)=P(T/ /7). Write R(T) =ap Y%y ; T . If

le-11=3
c—1 =<5,
k=1 2
then R hasall its roots on the unit circle.

Remark 16 Note that cg = c2, = 1 and that ¢; = a;q /2 /ag can in turn be related to
the weights A; via (4.4.1). Therefore, the above hypothesis implies a sort of growth
condition on the coefficients ¢; of P and hence also on the weights.

Recall that for a given polynomial g(x) of degree d, g*(x) = x%g(1/x) denotes
the reciprocal polynomial. Note that if f(x) =x"g(x) + g*(x), then f*(x) = f(x)
(r=0).

The following is basically the theorem of Chen and Chinen (Corollary 122).

Theorem 134 1f0 <ag < --- < ax—1 < aq, thentherootsof x" g(x) + g*(x) all lie
on the unit circle, r > 0.

Proof We shall adapt some ideas from Chinen [Ch3] for our argument.
Write f(T) asin (4.6.4) as

S(T) =g(T)+h(D),
where g(T) =ag +a1T + --- +ax T*¥ and W(T) = g T" ¥ + ap_ T *1 ... 4

apT™. Given a polynomial g(x), let g*(x) = x*g(1/x) denote the reverse (or recip-
rocal) polynomial. Note that 2 (T) = T" g(T 1) = T g*(T) and f*(T) = f(T).
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Claim g*(T) hasnorootsin |T| < 1.

Proof This is equivalent to the statement of the Enestrom—Kakeya theorem (Theo-
rem 121). O

Claim g(T) hasnorootsin |T| > 1.

Proof This follows from the previous claim and the observation that the roots of
g(T) correspond to the inverses of the roots of g*(T). O

Claim |g(T)| < |g*(T)| on|T| < 1.

Proof By the above claims, the function ¢ (7)) = g(T)/g*(T) is holomorphic on
|T| < 1. Since g(T~1) =g(T) on |T| =1, we have |g(T)| = |g*(T)| on |T| = 1.
The claim follows from the maximum modulus principle. O

Claim Therootsof T"¢g(T) + g*(T) all lieon the unit circle, » > 0.

Proof By the previous claim, T"g(T) + g*(T) has the same number of zeros as
g*(T) in the unit disc || < 1 (indeed, the function % =1+ ZEE(TT)) has
no zeros). Since g*(T) has no roots in |T'| < 1, neither does T"g(T) + g*(T). But
since T"g(T) + g*(T) is self-reciprocal (in this case), it has no zeros in |T| > 1

either. 0

This proves Theorem 134. O

Here is a result which shows, in some sense, how close the Duursma zeta func-
tions of extremal virtual codes are to polynomials which have no roots on the unit
circle.

Lemma 135 Let f € Ry,, f(x) = Zflzocizi, deven cg<cp <. <cgpp-1<
cdy2. 1t 2cq4/2-1 < cqy2, then f has no roots on the unit circle. Conversely, if f has
no roots on the unit circle, then 2¢o < cq4/2.

For the converse, see Corollary 2 in Mercer [M]. For the proof of —, we
introduce the Chebyshev polynomials (of the first kind) 7 defined by

T (cos6) = cos(k6)
and their normalization Cy(x) = 2T (x/2). It is known that
Crlz+z Y= +27% k>0,

and we use the convention Co(x) = 1.
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Proof We can write

dj2—1

% =2Peo(2P 4272 4292 3 (2 + 247
j=1
dJ2
= chCd/z_./ (Z +Z_1).
j=0
If z =7, then
2 2
> ¢jCajz-j(2€080) =capp+2) cjcos((d/2— j)0)
j=0 j=0
dJ2
= Real |:ZZCJ' exp(i(d/2 — j)0) — cd/2:|
j=0

dj2
= Real |:2 chzd/z_j - cd/2:|.
Jj=0
If 2c4/2-1 < cay2, then the Enestrom—Kakeya theorem (Theorem 121) applies. [0

If Py(z) and P1(z) are polynomials, let
Py(z2) =1 —a)Po(z) +aPi(z)

forO<a <1
Next, we recall an interesting characterization due to Fell [Fe] (see also Kim [K]
for discussion on a similar topic).

Theorem 136 (Fell) Let Py(z) and P1(z) be real monic polynomials of degree n
having zerosin ST — {1, —1}. Denote the zeros of Py(z) by w1, wa, ..., w, and of
P1(z) by z1, z2, ..., Zn. Assume that

w; # 7
for 1 <i, j <n. Assume also that

0 <arg(w;) <arg(w;) < 2w,
0 <arg(z;) <arg(z;) < 2w,
for 1 <i < j <n. Let A; be the smaller open arc of S bounded by w; and z; for

1 <i <n. Thenthelocus of P,(z), 0 <a <1, iscontained in S if and only if the
arcs A; areall digoint.
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4.6.4 Duursma’s Conjecture

We say that a polynomial satisfying the condition
fF(M)=ag+ar1T + - +ax T + @y T" F + a1 T" 1 4 4 aoT™ (4.6.4)

with @y > ax_1 > --- > ag > 0 has increasing symmetric form.>®

If m =2k or m = 2k + 1, then we say that f(7T') has full support.

There is an infinite family of Duursma zeta functions for which Duursma has
conjectured that the analog of the Riemann hypothesis always holds. The linear
codes used to construct these zeta functions are the so-called “extremal self-dual
codes” (see Definition 92 for the more general notion of an extremal self-dual weight
enumerator).

Although the construction of these codes is fairly technical (see [JK2] for an
expository treatment), we can give some examples. They turn out to be of increasing
symmetric form.

Example 137 Letr(T) =), r;T' be as in Remark 12.

Some examples of the lists of coefficients rg, r1, ... computed using SAGE. We
have normalized the coefficients so that they sum to 10 and represented the rational
coefficients as decimal approximations to give a feeling for their relative sizes.

o Case Type I:
m = 2:[1.1309, 2.3990, 2.9403, 2.3990, 1.1309]
m = 3: [0.45194, 1.2783, 2.0714, 2.3968, 2.0714, 1.2783, 0.45194]
m = 4: [0.18262, 0.64565, 1.2866, 1.8489, 2.0724, 1.8489, 1.2866, 0.64565,
0.18262]

e Case Type II:
m = 2: [0.43425, 0.92119, 1.3028, 1.5353, 1.6129, 1.5353, 1.3028, 0.92119,
0.43425]
m = 3: [0.12659, 0.35805, 0.63295, 0.89512, 1.1052, 1.2394, 1.2854, 1.239%4,
1.1052, 0.89512, 0.63295, 0.35805, 0.12659]
m = 4: [0.037621, 0.13301, 0.28216, 0.46554, 0.65783, 0.83451, 0.97533,
1.0656, 1.0967, 1.0656, 0.97533, 0.83451, 0.65783, 0.46554, 0.28216, 0.13301,
0.037621]

o Case Type III:
m = 2: [1.3397, 2.3205, 2.6795, 2.3205, 1.3397]
m = 3: [0.58834, 1.3587, 1.9611, 2.1836, 1.9611, 1.3587, 0.58834]
m = 4: [0.26170, 0.75545, 1.3085, 1.7307, 1.8874, 1.7307, 1.3085, 0.75545,
0.26170]

19The analogous definition of a polynomial of decreasing symmetric form also holds. The state-
ment is left to the reader. The Enestrém—Kakeya theorem implies (see Chinen’s Theorem 122) that
a polynomial of decreasing symmetric form has all its zeros on the unit circle.
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e Case Type IV:
m = 2:[2.8571, 4.2857, 2.8571]
m = 3: [1.6667, 3.3333, 3.3333, 1.6667]
m = 4:[0.97902, 2.4476, 3.1469, 2.4476, 0.97902]

Some remarks on the data in Example 137.

e Case Type I, v = 0: We conjecture that the coefficients of the (self-reciprocal)
polynomial R(T)=),r;T*, where

IZ<m4n+1i)riTi = (1+T/\/§)m(l+\/§T)m :(1+3T/\/§+T2)m,

have increasing symmetric form and full support.
e Case Type I, v = 0: We conjecture that the (self-reciprocal) polynomial R(T') =
> iriT', where

6m i 2 2
Z(m—i—i)”Tl = (142T/V2+T?)"(1+3T/V2+T?)",
l
has increasing symmetric form and full support.
o Case Type 11, v = 0: We conjecture that the (self-reciprocal) polynomial R(T) =
>, riT', where

4I’I’l i_ 2\m

Z(m+i)r,T = (1+37/v/3+71?)
has increasing symmetric form and full support.

e Case Type VI, v = 0: We conjecture that the (self-reciprocal) polynomial R(T') =
>, riT", where

3I’I’l i m
Z<m+i)”T =1+17)",

has increasing symmetric form and full support. The right-hand side has this prop-
erty by well-known properties of the binomial coefficients.

4.6.5 A Conjectureon Zeros of Cosine Transforms

Are there conditions under which self-reciprocal polynomials with “increasing sym-
metric form” have all their zeros on §1?

We know that self-reciprocal polynomial with “decreasing symmetric form” have
all their roots on $* (by the Chen—Chinen theorem above). Under what conditions is
the analogous statement true for functions with “increasing symmetric form?” The
remainder of this section considers this question following [Jo2].
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Let d be an odd integer, and let f(z) = fo+ fiz+ -+ fa—1z% e Ry_1 bea
self-reciprocal polynomial with “increasing symmetric form”

0<f0<f1<--~<f%.

For each ¢ > fdj—_l, the polynomial

g@)=c-(I+z+-+2 )= f@ =g+ g1z+ - +8s12" T €Rs1
is a self-reciprocal polynomial having nonnegative coefficients with “decreasing
symmetric form.” If ¢ > f%, the Chen—Chinen theorem (Theorem 134) implies
that all the zeros of g(z) are on S*. Let

Po(z) = g(2)/8d-1, P1(2) = f(2)/fa-1. Pa(2) =1 —a)Po(z) +aPi(z),

for 0 < a < 1. By the Chen-Chinen theorem, there is a 7y € (0, 1) such that all zeros
of P,(z) are on S1 for 0 <7 < 1o. In fact, if

faa = fa1
= —fd_g_l ,

t

then P,(z) isamultiple of 1 +z +--- +z4~ 1,
Do any of the polynomials P,(z) have multiple roots (0 < ¢ < 1)? Using the
notation of Sect. 4.6.1, in the case p(t, z) = P;(z), we have

Pi(r(1)) — Po(r(2)
P/(r(1)) '

If no P;(z) has a multiple root, then by the second “smoothness-of-roots lemma”
(Lemma 120), all the roots of f(z) are also on S?.

r' () =—pi(t,r@®)/pz(t.r (1)) =

Conjecture 138 Lets:Z.g — R.o bea*” sowly increasing” function.

e Odd-degreecase. If g(z) = ap + a1z + - - - + aqz%, where a; = s(i), then the roots
of p(z) = g(z) + z%t1g*(2) all lieon the unit circle,
e Even-degree case. The roots of

p(z)=ao+aiz+---+ ad_1Zd71 + adzd + ad—12d+l 4+t alZZd71 + aOZZd

all lie on the unit circle.

Using SAGE, one can guess that “logarithmic growth” might be “sufficiently
slow.”
SAGE

sage: R <T> = Pol ynom al Ri ng(CC,"T")

sage: ¢ = [In(j+2+randon()) for j in range(5)];

sage: p = add([c[j]1*T?] for j in range(5)])
+TA5*add([c[4-j]1*T?j for j in range(5)]); p
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0. 867252631954867*T"9 + 1.29158950186183*T"8 + 1.40385316206528*T"7
+ 1.66723678619336*T"6 + 1.79685924871722*TA5 + 1.79685924871722*T"4
+ 1.66723678619336* T3 + 1.40385316206528*T"2 + 1.29158950186183*T
+ 0.867252631954867

sage: [z[O0].abs() for z in p.roots()]

[ 1. 00000000000000, 1.00000000000000, 1.00000000000000, 1.00000000000000,
1. 00000000000000, 1.00000000000000, 1.00000000000000, 1.00000000000000,
1..00000000000000]

sage: ¢ = [In(j+2+randon()) for j in range(5)];

sage: p add([c[j]1*T*j for j in range(5)])

+T"4*add([c[4-j1*TA] for j in range(5)]); p

1.07222251112144*T"8 + 1.34425116365361*T"7 + 1.55233692750212* T"6
+ 1.64078305774305*T"5 + 1.87422392028965*T"4 + 1.64078305774305*T"3
+ 1.55233692750212*T"2 + 1.34425116365361*T + 1.07222251112144

sage: [z[O0].abs() for z in p.roots()]

[ 1. 00000000000000, 1.00000000000000, 1.00000000000000, 1.00000000000000,
1..00000000000000, 1.00000000000000, 1.00000000000000, 1.00000000000000]

c[ 4] cl[4]/2;
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4.7 Examples
4.7.1 Komichi’s Example

In [HT], the authors mention an example which occurred in the master thesis?® of
A. Komichi. It is claimed that the Duursma zeta function of the code C = Hg &
Hg @ Hg, where Hg is the self-dual extended Hamming [8, 4, 4]-code, violates the
Riemann hypothesis. We verify this using SAGE.

SAGE
sage: MS = MatrixSpace(GF(2), 12, 24)
sage: G = M5([\
..... [1,11000010000000000000000],\
..... [o01211100000000000000000001],\
..... [ o00101,101,0000000000000000],\
..... [ 0001,1110,0000000000000000],\
..... [ 000000001,110000100000000],\
..... [ 000000000111100000000000],\
..... [ 000000000010110100000000],\
..... [ o000000000001111000000000],\
..... [ 0,000,0,000,000000001110000,11],\
..... [ 0,000,000000000000011,1100,0],\
..... [ 0000000000000000001011,0,117],\
..... [ o000000000000000000011,1,10 ]\
..... 1)
sage: C = Linear Code(Q
sage: Cd = C.dual _code(); C == Cd
True
sage: R = Pol ynom al Ring(CC,"T")
sage: T = R gen()
sage: C.zeta_pol ynom al ()
512/ 253*T"18 + 512/253*TA17 + 256/ 253*T"16 - 148736/ 245157*T"14
- 66048/81719*T"13 - 185536/ 245157*T"12 - 49408/ 81719*T 11
- 43088/ 96577*T~10 - 1808/ 5681*T"9 - 21544/ 96577*T"8 - 12352/ 81719*T"7
- 23192/ 245157*T"6 - 4128/ 81719*T"5 - 4648/ 245157*T 4 + 2/ 253*T"2
+ 2/253*T + 1/253

20This appears to be unpublished, and I have not seen it myself.
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sage: f = R(C. zeta_polynom al ())

sage: print [z[0].abs() for z in f.roots()]

[0.963950810639179, 0.707106781186546, 0.707106781186548,
0.707106781186546, 0.518698666447988, 0.707106781186548,

0.707106781186542, 0.707106781186548, 0.707106781186550,
0.707106781186551, 0.707106781186547, 0.707106781186546,
0.707106781186548, 0.707106781186544, 0.707106781186548,
0.707106781186549, 0.707106781186548, 0.707106781186549]

sage: P1 = list_plot([(z[O].real(),z[0].imag()) for z in f.roots()])
sage: t = var("t")

sage: pts = lanbda t: [cos(t)/sqrt(2),sin(t)/sqrt(2)]

sage: P2 = paranetric_plot(pts(t),O0,2*pi,linestyle="--", rgbcolor=(1,0,0))
sage: show( P1+P2)

The plot computed in the last line is shown in Fig. 4.2.

4.7.2 The Extremal Case

In this section, we shall summarize some results of Duursma [D3] and Harada and
Tagami [HT].

If F is an extremal virtually self-dual weight enumerator, then the zeta function
Z = ZF can be explicitly computed. First, some notation. If F is a virtually self-
dual weight enumerator of minimum distance d and P = Pp is its zeta polynomial,

Fig. 4.2 Roots of the zeta polynomial for a self-dual [24, 12, 4] binary code
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then define
P(T), Type l,
P(T)(1—2T +2T?), Typell,
()= 2
P(T)(1+3T7), Type I,
P(T)(1+2T), Type IV.

Let (@), =a(a+1)---(a+m—1) denote the rising generalized factorial and write
Q(T)=3";q,T/ forsome g; € Q. Let

vi(n,d,b) = —d)(d —b)p11Aa/(n —b —D)py2

and
Ag
(q—D(n—=bps1’

where recall A, denotes the coefficient of x”~¢y¢ in the virtual weight enumerator
F(x,y).

7/2(”9 da ba CI) = (d - b)b+l

Theorem 139 (Duursma [D3]) If F isan extremal virtually self-dual weight enu-
mer ator, then the coefficients of Q(T') are determined as follows.

(@) If Fisof Typel, then

2m+2v 4 +2 '
> < ’:1_’_1-]))‘]iTl=J/1(n,d,2)'(1+T)m(1+2T)m(1+2T+2T2)v,
i=0

wherem=d —3,4m +2v=n—-4,b=g=2,0<v <3.
(b) If F isof Typell, then

4n§v 6m + 8v i
m+i )4

i=0
=y(n,d,2)- L+T)"(1+27)"(1+2T +272)" B(T)",
wherem =d —5,6m+8v=n—-6,b=4,¢g=2,0<v <2,and B(T) =

Ws(1+ T, T), where W5 isasin Example 44.
(c) If Fisof Typelll, then

2m+4v 4m 44 ‘
> ( Z+iv)qiT’=V2(n,d,3,3)-(1+3T+3T2)’"B(T)v,
i=0

wherem =d —4,4m+4v=n—-4,b=¢g=3,0<v <2,and B(T) = Wo(1 +
T,T), where Wy isasin Example 44.
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(d) If Fisof TypelV, then

m+2v 3m -2 '
> ( ZH”)%T’=yz(n,d,2,4>~(1+2T>'"(1+2T+4T2)“,
i=0

wherem =d —3,3m+2v=n—-3,b=2,g=4,and0<v <2,

It is easy to determine (especially with a computer algebra system such as SAGE)
the coefficients ¢; and p; from these expressions. So, for the virtual extremal codes,
Duursma has computed all the Duursma zeta functions. Yet, we still do not know if
the Riemann hypothesis holds for them!

Define the ultraspherical polynomial C* (x) on the interval (—1, 1) by

crcost) = (’":k) <mz_€)cos(k—£)9.

0<k,f<n
k+t=n

Theorem 140 (Duursma [D3], Sect. 5.2)2 If P isthe Duursma zeta polynomial of
an extremal Type IV virtual self-dual weight enumerator of length n = 3m + 3 and
minimum distance d = m + 3, then

2y M, m+l<T+T_1)
0(T%/2) = (3m)!T Cn 5 :

(Recall that, inthiscase, Q(T) = P(T)(1+2T).)

It is known that all the roots of ultraspherical polynomials C)" lie on the interval
(=1,1). The polynomial C;" is of degree n, and so there are n such roots. Replace
T by ¢'? in the equation displayed in the theorem above to obtain

2i0 1oy _ m!? i0m ~m+1
Qe /2) = (3m)!e C,, " (coso).
Hence, all the roots of Q and therefore also of P lie on the circle of radius 1/,/q =
1/2. Indeed, the Riemann hypothesis holds for all zeta functions associated to an
extremal Type 1V virtually self-dual weight enumerator (Duursma [D3]).

Let R(T) = P(T//q) = ZfﬁoriTi. This polynomial R is self-reciprocal.
Though a lot is known about self-reciprocal polynomials which have all their ze-
ros on the unit circle, we still do not know if the P(T) satisfy the Riemann hy-
pothesis or not! Duursma’s approach is to try to describe the zeros of H(z), where
R(T)=T&H(T + T1). By the theorem below, this function H can be explicitly
described as a sum of ultraspherical polynomials. Though we know the zeros of the
terms, we do not know the zeros of the sum in general. (The case of extremal codes
of Type 1V is different however.)

2LA typo in [D3], Sect. 5.2, is corrected here.
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Theorem 141 (Duursma [D3]) If«; (1 < j < g) are defined by

28 8 A\ —1
2¢+2d—4 ; 2j _1\2j
) r,~< 024 )T2’=T2g§. Oaj<j) (T+174H,
j=

i=0

then

28 -2
2 2d —4 d-—2 —j—i _
(gid_z )Zﬂz’ TZgZ (é’* ) I (1 417,

i=0

Since g +d = 5 +1, these expressions can be simplified a bit, if desired. Also, in
Sect. 5.2 in [D3], Duursma explicitly computes the «;’s in each case (Type I, 11, 11,
and 1V).

Using computer computations, Harada and Tagami [HT] (among other things)
showed that the Riemann hypothesis holds for all zeta functions associated to ex-
tremal Type I, 11, 11 virtually self-dual weight enumerators of degree <200.

4.7.3 “Random Divisible Codes’

Following Theorem 4 in Duursma [D5], we show that the Duursma zeta function of
a “random divisible code” satisfies the Riemann hypothesis.
Define the (virtual) weight enumerator of the [», k], random b-divisible code by

n/b

_.n n _a\bi _n—bi  bi
Fx.y)=x +c2£<l.b)<q INEE A
1=

where ¢ is chosen so that F (1, 1) = ¢*, and n is a multiple of 5. Of course, by the
classification of b-divisible codes (see Theorem 89), this weight enumerator may
not correspond to an actual linear code.

Duursma shows that in the following cases the zeta function Z g (T) satisfies the
Riemann hypothesis: n is even, k =n/2, and

e g=2,b=4,
e q=3,b=3,
e g=4,b=2.

For details, see Duursma [D5], Theorem 4.

4.7.4 A Formally Self-dual [26, 13, 6]>-code

Moreover, in this case the Riemann hypothesis is not valid for optimal codes (which
may or may not be extremal) in general, as the following example illustrates.
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Example 142 Consider the [26, 13, 6], code with weight distribution
[1,0,0,0,0,0,39,0,455,0, 1196, 0, 2405, 0, 2405, 0, 1196, 0, 455, 0, 39, 0, O,
0,0,0,1].

This is (by coding theory tables, as included in SAGE [S]) an optimal formally self-
dual code. This code C has the zeta polynomial

3 6 611 , 9 5 3441 _, 6448
+ T+ 7% +
17710 ' 8855 ' 336490 ' 2185 ' 408595 408595

| AM99 o 22539 66303 g 20539 o 4MA99
1634380 ' 520030 ' 1040060 ' 260015 ' 408595

P(T) =

| 51584 4, 55056 ., 288 5 19552, 768
408595 408595 2185 168245 8855
384
—T16.

8855

Using SAGE, it can be checked that only 8 of the 12 zeros of this function have
absolute value v/2.

4.7.5 Extremal Codes of Short Length

In this section, we give some examples using SAGE.
These do not satisfy P (1) = 1 but use the formulas in Theorem 139 above.
For the [24, 12, 8], virtually self-dual weight enumerator:

P(T) = 2 T + 2 T9+1O T8 + 4 T + 197 T® + S rs
~ 969 323 969 323 16796 988
197 , 1 ., 5 , 1 1
+ T4+ T3+ T? + T +

33592 323 3876 2584 15504°

For the [26, 13, 8], virtually self-dual weight enumerator:

Py R gz 32 qu 4 a0 496 g 393 g 31,
13167 4389 323 31977 ' 24871° ' 2261
L2815 3.5 398, 62 5 1 ., 1.
27132° " 4522° 99484’ 31977 T 1292° ' 4389
1

+ 26334°
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For the [28, 14, 8], virtually self-dual weight enumerator:
96 11 3469 710

5313 1771 14421 4807 163438

L g B g 622 5 23 5 291 g
14858° ' 1428° 52003 ' 2856 59432

4 A9 ey 8 gs, T g2y L 1
1307504 ' 4807 ' 14421 ' 7084 ' 42504

See also Example 137.

4.7.6 Non-self-dual Examples
Consider the optimal binary code C having the parameters [6, 2, 4] and generator
matrix
001111
o= (1 1001 1) '
This has zeta polynomial P(T) = (2T? + 2T + 1)/5, as the following SAGE com-

putation shows.
SAGE

sage: R CC = Pol ynom al Ri ng(CC,"T")

sage: n=6; k=2, q=2

sage: C = best_known_l i near_code(n, k, G-(q))
sage: C. zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: [abs(z[0]) for z in R CC(C. zeta_pol ynonial ()).roots()]
[0.707106781186548, 0.707106781186548]
sage: C. weight_enunerator()

XN6 + 3FxN2*yn4

sage: Cd = C. dual _code()

sage: Cd.zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: Cd.wei ght_enunerator()

XN6 + BFXN4FYAD + BXXAB¥yAB + BFxA2*yA4 + yAG
sage: n=17; k=4, q=2

sage: C = best_known_l i near_code(n, k, G~(q))
sage: C.zeta_polynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: C. wei ght_enunerator ()

XAT + T*XNA*YA3 + TXAB*yn4 + yAT

sage: Cd = C. dual _code()

sage: Cd.zeta_pol ynom al ()

2/5*T"2 + 2/5*T + 1/5

sage: Cd.wei ght_enunerator()

XNT + T*x"3*yr4
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sage: n=8; k=4; qg=2
sage: C = best_known_linear_code(n, k, G-(q))
sage: C.zeta_pol ynom al ()
2/5*T"2 + 2/5*T + 1/5

sage: C. wei ght_enunerator ()
X8 + 14*x"4*y~4 + yn8

sage: Cd = C. dual _code()
sage: Cd.zeta_pol ynom al ()
2/5*T"2 + 2/5*T + 1/5

sage: Cd.weight_enunerator()
X"8 + 14*x"4*y"4 + yn8

Indeed, the optimal [6, 2, 4] code has the same zeta polynomial as the Hamming
[7,4,3] code. This satisfies the Riemann hypothesis, although it is not formally
self-dual. However, it does have the same zeta polynomial as the optimal self-dual
[8, 4, 4] code.

4.8 Chinen Zeta Functions

In the sections above, a virtual weight enumerator F' is associated with a zeta func-
tion Z = ZF. In this section, two related zeta functions were constructed by Koji
Chinen. First, he constructed a zeta function Z = Z, which we call a “twisted Chi-
nen zeta function,” associated to a twisted virtually self-dual weight enumerator F.
(What we call a “twisted virtually self-dual weight enumerator,” he calls a “formal
weight enumerator.”) Next, he constructed a zeta function associated to any code C,
which we call a “Chinen zeta function,” which is essentially defined by combining
the Duursma zeta function of C with that of its dual C* (some care is required to
insure that the functional equation leads to an extra symmetry property).

Here is the analogous result for Chinen zeta functions of the results above.

Let C be any [n, k, d] code over GF(g), and let [n, n — k, d-] denote the param-
eters of the dual code C. We assume that they satisfy d > 2 and d+ > 2. Define
the invariant weight enumerator by

: Ac(x,y) +¢" "2 Aci(x, y)

AC(an): 1+qk*n/2 .

Note that Ac = Ac1 = Ac o o, by the MacWilliams identity. The Chinen zeta
polynomial Pc is the zeta polynomial Py associated to the virtual weight enumera-
tor F = A¢. The Chinen zeta function is defined in terms of the zeta polynomial by
means of the following equation:

max(0,d—d1)

Pc(T) = .

W(PC(T) +q”/z_d+lT”_2d+2Pc(l/qT)), (481)
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Theorem 143 (Chinen [Ch3]) The Chinen zeta polynomial given by (4.8.1) above
has degree 2 = n + 2 — 2min(d, d*) and satisfies the functional equation

Pc(T) = q*T?8 Pc(1/qT).
By the functional equation, if d > d-, then

qk—n/ZPCJ_ (T) + Td—dJ‘ Po(T) '

Pc(T) = 1 gknr2 ;

if d < dt, then

Pe(T) + /274"~ P (T)

Pc(T) = 1+ qkfn/z ’

and if d = d*, then

Pc(T) +qF"2 Pe(T)

Pc(T) = 14 gkn/2

Note that when T = 1, we have P(1) = 1 and (by the functional equation) P(1/q) =
g% =¢%~17"/2_ This implies Pc(1) = It may be simpler to use the “av-
eraged” zeta function

2
1+qk7n/2 .

PE(T) = (Pc(T) + Peoi(T))/2,

but this is not the Chinen zeta function.

Example 144 We use SAGE to compute the Chinen zeta polynomial of some small
optimal codes. We shall normalize the Chinen zeta function so that Pc (1) = 1.

SAGE
sage: R_CC = Pol ynom al Ring(CC,"T")
sage: n =8; k=2; q=2
sage: C = best_known_|inear_code(n, k, GF(q))
sage: P = C. chinen_pol ynonial ()
sage: Cd = C. dual _code()
sage: Pd = Cd. chi nen_pol ynomi al ()
sage: C. mininumdistance(); Cd.m nimumdistance()
5
2

sage: P; P == Pd

2/5*t"6 + 9/35*t"5 + 4/35*t"4 + 2/35*t"3 + 2/35%t"2 + 9/140*t + 1/20
True

sage: [abs(z[0]) for z in R.CC(P*1.0).roots()]

[0.707106781186548,
0.707106781186548,
0.707106781186547,
0.707106781186547,
0.707106781186547,
0.707106781186548]
age: C.gen_mat ()

S



4.8 Chinen Zeta Functions 115

[000
[111
sage:
sage:
[101
[010

The Riemann hypothesis is (apparently) true since the zeros have absolute value
(approximately) 1/+/2.

SAGE

sage: C = Hammi ngCode( 3, GF(2))

sage: C.chinen_pol ynoni al ()

(2*sqrt(2)*t"3/5 + 2*sqrt(2)*t"2/5 + 2*t"2/5
+ sqrt(2)*t/5 + 2*t/5 + 1/5)/(sqrt(2) + 1)

It can be easily shown that if C is formally self-dual, then Pc = Pc. We say that
C (whether formally self-dual or not) satisfies the Riemann hypothesis if its Chinen
zeta polynomial has all is zeros on the “critical line.”

For example, if C is an MDS code, then

~ 1 3 B
Pc(T) = m(l +q"/2 d+1n 2d+2)_

If C is MDS and n — 2d + 2 # 0, then the Riemann hypothesis holds for the Chinen
zeta function.
The following is an analog of Open Question 19 for Chinen zeta functions.

Open Problem 23 Let C be any code over GF(g). When is there a curve X/GF(g)
for which the zeta function of the curve ¢x is equal to the Chinen zeta function Z¢
of the code?

Since the Riemann hypothesis holds for ¢x (this is a well-known theorem of
André Weil), a necessary condition is that the code must satisfy the Riemann hy-
pothesis. See Example 9.7 in [D6] for two (self-dual) codes for which this holds.

Remark 17 For the “twisted case,” including detailed proofs and numerous exam-
ples, see Chinen [Ch2].

Open Problem 24 Is the Chinen zeta function of a linear code C equal to the Du-
ursma zeta function of some self-dual code C’?

If yes, then of course the set of Chinen zeta functions would be contained in
the set of Duursma zeta functions. For example, is the Chinen zeta function of a
nonbinary Hamming code C (say over GF(g) with ¢ > 4) equal to the Duursma
zeta function of some self-dual code C’? This seems unlikely, but we do not have a
proof or disproof.
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Example 145 We use SAGE to compute the Chinen zeta polynomial of some inde-
composable codes.

Consider codes which are generated by the matrix D,, (m even) defined as fol-
lows.

SAGE

def d_matrix(m:
if not(is_even(m):
rai se ValueError, "% nust be even and >2"%n
M= int(m?2)
A = [[0]*2*i +[ 1] *4+[ 0] *(m 4-2*i) for i in range(M1)]
M5 = MatrixSpace(GF(2), M1, m
return MS(A)

For example,

D1y =

OO OO OoORr
O OO OOk
OO OOFrPF
OO O0OOFr Pk
[ecNeNeoN N =
[cNeNoN i e
OOk OO
[Nl =]
OrFr P, OOOo
Ok kP OOOoO
PP OOOOoO
P, OOOOoO
R O OOOOoO
P O OOOOo

and the binary code generated by this matrix is a [14, 6, 4] code. Using SAGE, you
can see that the associated Chinen zeta function does not satisfy the Riemann hy-
pothesis.

SAGE

sage: n = 14; G = d_matrix(n); C = LinearCode(Q; C

Li near code of length 14, dinmension 6 over Finite Field of size 2
sage: C. spectrum()

[1, 0, O, O, 21, O, O, O, 35 O, O, O, 7, O, O]

sage: PT = Pol ynom al Ri ng(CC, "T")

sage: PC = C.chinen_polynomal(); rts = PT(PC).roots()

sage: PC

64/39*t"12 - 32/429*t"~10 - 32/429*t"~9 - 160/ 1287*t"8 - 64/ 429*t"7 -
160/ 1287*t"6 - 32/ 429*t~5 - 40/1287*t"4 - 4/ 429*t"~3 - 2/429*t"~2 + 1/39
sage: [z[O0].abs() for z in rts]

[0.707106781186548,
. 707106781186548,
. 707106781186548,
. 707106781186547,
. 707106781186548,
.707106781186548,
. 707106781186549,
. 707106781186548,
. 707106781186547,
. 707106781186548,
. 814795710093010,
. 613650751723920]

[ejeoloNooNoooNoNooNo)

In particular, the Riemann hypothesis for the Chinen zeta function is not true for all
indecomposable codes.
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4.8.1 Hamming Codes

Chinen [Ch3] computed the zeta polynomial of the Hamming codes. Consider the
Hamming code C = C, , having the parameters [n = 11 —r, 3] over GF(q),

with r > 3. (When r = 2, the Hamming code is MDS and so has already been
computed.)
The Duursma zeta polynomial of the dual code is given by

n—d-1 .
e [ E (35 (1359

where the constant ¢ = ¢, is chosen so that P(1) = 1. This is Proposition 4.4 in
[Ch3].

The Chinen zeta polynomial of the Hamming codes C,, (r > 3, ¢ > 2) is given
by

~ c
Pc(T) = W(Fl(T) - CIFZ(T)), (4.8.2)
where
F (T _"—d—l —i—2 z+2—n/2Ti - i+2 Ti
M= (41 + > (1
j=0 j=d-3
and
g _n—d—2 _3 ’+2 n/zT, n—4 l+1
2=y ("] + )
j=0 j=d-2

This is Theorem 4.5 in [Ch3].

Example 146 Here is the Chinen zeta polynomial of the Hamming [7, 4, 3] code:

SAGE

sage: C = Hanmmi ngCode( 3, GF(2))
sage: C. chinin_polynom al ()
(2*Th2/5 + 2*sqrt(2)*T*(T"2/5 + T/5 + 1/10) + 2*T/5 + 1/5)/(sqrt(2) + 1)

Theorem 147 (Chinen) The Chinen zeta polynomial of the Hamming codes C, 4
(r = 3, g > 4) satisfies the Riemann hypothesis.

This theorem is also true when r =2 (¢ > 2), as a corollary to (3.3) in [Ch3],
since then C is MDS.

Chinen’s proof of this theorem is beautiful and based on his result stated as Corol-
lary 122 in Sect. 4.6.2 above. To prove Theorem 147, Chinen explicitly computes the
coefficients a; of a normalized Chinen zeta polynomial f of C = C, , and proves
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that it has the above decreasing symmetric form. This implies the Riemann hypoth-
esis, as desired, The proof of the above lemma and the explicit computation of the
coefficients are carefully worked out in [Ch3], which we refer to for details.

4.8.2 Golay Codes

This section summarizes some of the results in Chinen [Ch3], Sect. 7.
The Chinen zeta polynomial of the [11, 6, 5] Golay code C over GF(3) is

V3-1

Pc(T) = "

(V3T +1)(3T% 43T +1).

Chinen also presents an explicit expression but complicated expression for the Chi-
nen zeta polynomial of the [23, 12, 7] Golay code C over GF(2). He also shows that
both of these Chinen zeta functions satisfy the “Riemann hypothesis.” The proof is
by explicitly computing zeros, verifying the Riemann hypothesis numerically.

4.8.3 Examples

We begin with a random example:

SAGE

sage: RT Pol ynom al Ri ng(CC, "T")

sage: MS = MatrixSpace(GF(2), 3, 8)

sage: G= My([[1,0,0,1,0,1,1,0],[0,1,0,1,0,0,0,1],[0,0,1,0,1,1,1,0]])

sage: C = Linear Code(Q

sage: C.m ni mum.di stance()

3

sage: Cd = C dual _code(); Cd.mi nimum.distance()

2

sage: f = RT(C. chinen_polynomal ())

sage: print [z[0].abs() for z in f.roots()]

[0.707106781186548, 0.707106781186548, 0.707106781186548,
0.707106781186548, 0.707106781186547, 0.707106781186547]

sage: C.gen_mat ()

[10010110]
[01 01000 1]
[00101110]
sage: C.spectrumn()

[1, 0, O, 1, 3, 2, 0, 1, O]

sage: Cd.spectrun()

[1, O, 3, 10, 7, 4, 5, 2, 0]

sage: C.chinen_pol ynomi al ()

2/ 7*t"6 + 4/21*t~5 + 13/70*t"4 + 17/105*t~3 + 13/140*t"2 + 1/21*t + 1/28

sage: C. zeta_pol ynomi al ()

3/ 7*T~5 + 3/ 14*T"4 + 11/70*T"3 + 17/ 140*T~2 + 17/280*T + 1/56

sage: f = RT(C. zeta_polynonial ())

sage: print [z[0].abs() for z in f.roots()]

[0.644472635143760, 0.644472635143761, 0.458731710756610,
0.476718789722295, 0.458731710756610]
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This next example is also random:

SAGE

sage: C = RandonLi near Code(8, 3, G-(2)); C.ninimum.di stance()
3

sage: Cd = C. dual _code(); Cd.mininumdistance()

2

sage: C.spectrun()

[1, 0, O, 1, 3, 2, 0, 1, 0]

sage: Cd.spectrun()

[1, 0, 3, 6, 11, 8, 1, 2, 0]

sage: C. chinen_pol ynom al ()

2/ 7*t"6 + 4/21*t"5 + 13/70*t"4 + 17/105*t"3 + 13/140*t~2 + 1/21*t + 1/28
sage: C.gen_mat ()

[10011001]
[01000110]
[00110011

sage: C.zeta_pol ynom al ()
3/ 7*TA5 + 3/14*T"4 + 11/ 70*T~3 + 17/ 140*T"2 + 17/280*T + 1/56

The next example concerns a code which is formally self-dual but not self-dual.

SAGE
sage: RT = Pol ynom al Ri ng(CC,"T")
sage: MS = MatrixSpace(GF(2), 4, 8)
sage: G = My([[1,0,0,0,0,1,1,0],[0,1,0,0,1,1,1,0],
[0,0,1,0,1,1,1,1],[0,0,0,1,0,0,1,0]])
sage: C = Linear Code(Q
sage: C.m ni mum.di stance()
2
sage: Cd = C dual _code(); Cd.mi nimum.distance()
2

sage: f = RT(C. chinen_polynomal ())

sage: print [z[0].abs() for z in f.roots()]
[0.707106781186549, 0.707106781186547, 0.707106781186547,
0.707106781186546, 0.707106781186547, 0.707106781186547]
sage: C.gen_mat ()

[1T0000110]

[01001110]

[00101111]

[00010010]

sage: C. chinen_pol ynom al ()

2/ 7*t"6 + 2/ 7*t~5 + 11/70*t"4 + 3/35*t~3 + 11/140*t"2 + 1/14*t + 1/28
sage: C.spectrumn()

[1, O, 1, 4, 3, 4, 3, 0, 0]

sage: Cd = C. dual _code(); Cd.mninumdistance()

2

sage: Cd.spectrun()

[1, O, 1, 4, 3, 4, 3, 0, 0]

sage: list_plot([(z[O0].real(),z[O].imag()) for z in f.roots()])

The last command gives a plot of the roots (see Fig. 4.3).
Our last example is one for which the Riemann hypothesis is false.
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Fig. 4.3 Roots of the Chinen zeta polynomial for a formally self-dual [8, 4, 2] binary code

SAGE

sage: RT = Pol ynom al Ri ng(CC, "T")

sage: MS = MatrixSpace(GF(2), 4, 8)

sage: G = MS([[1,1,0,0,0,0,1,1],[0,0,1,0,0,1,0,1],[0,0,0,1,0,1,1,0],

[0,0,0,0,1,1,1,1]])

sage: C = Linear Code(Q

sage: C.chinen_pol ynoni al ()

1/ 7*t~6 + 1/ 7*t"~5 + 39/140*t~4 + 17/70*t~3 + 39/280*t"2 + 1/28*t + 1/56

sage: C.spectrun()

[1, 0, O, 4, 6, 4, 0, O, 1]

sage: Cd = C dual _code(); Cd.m ni mumdistance()

2

sage: Cd.spectrun()

[1, 0, 1, O, 11, O, 3, O, O]

sage: C.mni mumdi stance()

3

sage: Cd = C dual _code(); Cd.m ni num.distance()

2

sage: f = RT(C. chinen_polynomal())

sage: print [z[O].abs() for z in f.roots()]

[1.19773471696883, 1.19773471696883, 0.707106781186547,
0.707106781186547, 0.417454710894058, 0.417454710894058]

sage: print [z[0] for z in f.roots()]

[0.0528116723604142 + 1.19656983895421*|,
0.0528116723604137 - 1.19656983895421*1,
-0.571218487412783 + 0.416784644196318*1,
-0.571218487412783 - 0.416784644196317*1,
0.0184068150523700 + 0.417048707955401*1,
0. 0184068150523701 - 0.417048707955401*1]
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Fig. 4.4 Roots of the Chinen zeta polynomial for a [8, 4, 3] binary code violating the Riemann
hypothesis
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sage: C. chinen_pol ynom al ()
1/7*t"6 + 1/ 7*t"~5 + 39/ 140*t"4 + 17/70*t~3 + 39/280*t"2 + 1/28*t + 1/56
sage: list_plot([(z[O].real(),z[O].imag()) for z in f.roots()])

The last command gives a plot of the roots (see Fig. 4.4).



Chapter 5
Hypereélliptic Curves and Quadratic Residue
Codes

For an odd prime p and a nonempty subset S ¢ GF(p), consider the hyperelliptic
curve X g defined by

y2 = fs(x),

where fs(x) =[],c5(x —a). Since the days of E. Artin in the early 1900s, mathe-
maticians have searched for good estimates for the number of points on such curves.
Inthelate 1940s and early 1950s, A. Weil devel oped good estimates when the genus
issmall relative to the size of the prime p. When the genusis large compared to p,
good estimates are still unknown.

A long-standing problem has been to develop “good” binary linear codes to be
used for error-correction. For example, is the Gilbert—Varshamov bound asymptoti-
cally exact in the case of binary codes?

This chapter is devoted to explaining a basic link between these two unsolved
problems. Using a connection between binary quadratic residue codes and hyperel-
liptic curves over GF(p), this chapter investigates how coding theory bounds give
rise to bounds such as the following example: for al sufficiently large primes p,
there existsa subset § ¢ GF(p) for which the bound | X s(GF(p))| > 1.39p holds.

Felipe Voloch [V 2] has kindly allowed the authors to include some interesting
explicit constructions (which do not use any theory of error-correcting codes) in
this chapter (see Sect. 5.8 below). First, he shows the following result.

Theorem 148 (Voloch) If p = 1 (mod 8), then there exists an effectively com-
putable subset S ¢ GF(p) for which the bound | X s(GF(p))| > 1.5p holds.

A similar result holds for p = 3,7 (mod 8). Second, he gives a construction
which answers Open Problem 28 in the negative.

Related to the key issue here of associating character sums with weights of
codes are the following (incompl ete list of ) papers: Shokrollahi [Sh2], van der Vlugt
[vdV], Schoof and van der VIugt [SvdV] (see also Schoof [Scf] and van der Geer,
Schoof, and van der ViIugt [VSV]), and the early papers by McEliece and Baumert
[MB] and McEliece and Rumsey [MR].

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 123
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_5, © Springer Science+Business Media, LLC 2011
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We also use the quasi-quadratic residue codes defined below to construct an ex-
ample of aformally self-dual optimal code whose Duursma zeta function does not
satisfy the “ Riemann hypothesis.”

5.1 Introduction

A long-standing problem has been to develop “good” binary linear codes to be used
for error-correction. Another long-standing problem has been, for a smooth curve
over afinitefield F, to find anontrivial estimate for the number of F-rational points
of X inthe case wherethe size of F is“small” relativeto the genus of X.

This chapter investigatesin some detail an attack on this problem using aconnec-
tion between quadratic residue codes and hyperelliptic curves. Codes with thiskind
of relationship have been investigated in Helleseth [He], Bazzi and Mitter [BM],
Voloch [V1], and Helleseth and Voloch [HV]. The rest of this introduction is de-
voted to explaining in more detail the ideas discussed in later sections.

Let F = GF(2) bethefield with two elements, and C c F"* denote abinary block
code of length n.

Denoting the volume of a Hamming sphere of radius r in F" by V(n,r), the
binary version of the Gilbert-Varshamov bound assertsthat (given n and d) thereis
an [n, k, d]; code C satisfying k > 109, (y52—) [HPL].

Open Problem 25 [JV, G2] The binary version of the Gilbert—Varshamov bound
isasymptotically exact.

5.2 Pointson Hyperdliptic Curvesover Finite Fields

For each odd prime p > 5, a quasi-quadratic residue code' is a linear code of
length 2p. Like the quadratic residue codes, the length and dimension are easy to
determine, but the minimum distance is more mysterious. In fact, the weight of each
codeword can be explicitly computed in terms of the number of solutionsin integers
mod p to a certain type of (“hyperelliptic’) polynomial equation. To explain the
results better, some more notation is needed.

For our purposes, a hyperelliptic curve X over GF(p) isa polynomia equation
of theform y2 = h(x), where h(x) isapolynomial with coefficientsin GF(p) with
distinct roots.2 The number of solutions to y2 = A(x) mod p plus the number of
“points at infinity” on X will be denoted | X (GF(p))|. This quantity can be related
to a sum of Legendre characters (see Proposition 153 below), thanks to classical

1This codeis defined in Sect. 5.5 below.

2This overly simplified definition brings to mind the famous Felix Klein quote: “ Everyone knows
what acurveis, until he has studied enough mathematics to become confused through the countless
number of possible exceptions.” Please see Tsafsman and Vladut [TV] or Schmidt [Sch] for a
rigorous treatment.
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work of Artin, Hasse, and Weil. Thisformulayields good estimatesfor | X (GF(p))|
in many cases (especially where p is large compared to the degree of #). A long-
standing problem has been to improvethetrivial estimatewhen p issmall compared
to the degree of 4. It turns out that the work of Tarnanen [T] easily yields some
nontrivial information on this problem (see, for example, Lemma 154 below), but
the results given here improve upon this.

For each nonempty subset S ¢ GF(p), consider the hyperelliptic curve X5 de-
fined by y? = fs(x), where fs(x) = [[,c5(x — a). Let B(c, p) be the statement:
For all subsets S € GF(p), | Xs(GF(p))| < c- p holds. Notethat B(2, p) istrivialy
true, so the statement B(2 — ¢, p) for some fixed € > 0 might not be unreasonable.

Open Problem 26 (Bazzi—Mitter conjecture, [BM]) Thereisac € (0, 2) such that,
for an infinite number of primes p, the statement B(c, p) holds.

It is remarkable that these two conjectures (namely, Open Questions 25 and 26)
arerelated. In fact, using quasi-quadratic residue codes, we show that if, for an infi-
nite number of primes p with p =1 (mod 4), B(1.77, p) holds, then Goppa's con-
jectureisfalse. Thisresult, remarkably enough, turns out to be an easy consequence
of the quasi-quadratic residue construction given in [BM]. Using long quadratic
residue codes,® we will remove the condition p = 1 (mod 4) at a cost of dightly
weakening the constant 1.77 (see Corollary 164).

In Sect. 5.6 below, the spectrum and Duursma zeta function of these quasi-
quadratic residue codes is discussed, and some examples are given (with the help
of the software package SAGE [S]). We show that the analog of the Riemann hy-
pothesis for the zeta function of an optimal formally self-dual code is false using
the family of codes constructed in Sect. 5.5. The section ends with some intriguing
conjectures.

We close this introduction with a few open questions which, on the basis of this
result, seem natural.

Open Problem 27 For each prime p > 5, isthere an effectively computabl e subset
S Cc GF(p) suchthat | Xs(GF(p))| is“large’?

Here“large” isleft vague, but what isintended is some quantity which isunusual.
By Weil's estimate (valid for “small”-sized subsets ), we could expect about p
points to belong to | X s(GF(p))|. Thus “large” could mean, say, > ¢ - p, for some
fixed ¢ > 1.

The next question is a strong version of the Bazzi—Mitter conjecture.

Open Problem 28 Does there exist a ¢ < 2 such that, for all sufficiently large p
and all § ¢ GF(p), we have | Xs(GF(p))| <c- p?

In the direction of these questions, for Open Problem 27, a coding theory bound
of McEliece-Rumsey—Rodemich-Welsh allows one to establish the following result

3These codes will be defined in Sect. 5.7 below.
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(see Theorem 164): There exists a constant pg having the following property: if
p > po, then there exists a subset S ¢ GF(p) for which the bound | Xs(GF(p))| >
1.62p holds. Unfortunately, the method of proof gives no clue how to compute pg or
S. Using the theory of long quadratic-residue codes, we prove the following lower
bound (Theorem 174): For all p > po, there exists a subset S ¢ GF(p) for which
the bound | X s(GF(p))| > 1.39p holds. Again, we do not know what pg or S is.

5.3 Non-Abelian Group Codes

The following construction generalizes the above example in an abstract way but
will be needed | ater.

Let G beany finite group, and let IF be any finite field.

Here is a very genera construction of a code C whose automorphism group
contains G.

If x isanindeterminateand g € G, then we let the formal symbol x$ denote*“ gth
power” of x. The group algebra

F[G] = {chxg | cq E]F}
geG
isaleft G-module under the action
M) (") =x5" g hed.

(Note: A(g1)A(g2)(x") = A(g1)x82" = x8182h = X (g1g2)(x") for g1,g2.h € G.)
Therefore, A defines an action of G on F[G] caled the regular representation. Let
n denote the dimension of F[G] (so n = |G| is simply the size of G since the “co-
ordinates’ of an element of F[G] areindexed by G).

Now, pick any element a € F[G] and consider the G-orbit of «,

G-a={Mg)@]|g <G}
fa=3) ) cpx, then A(g)(a) = D oneG cpxéh = Y heG cg_lhxh. Finaly, let C be
the vector subspace spanned by G - a:

€ = Span({r(g)(@)|g € G}) = Span({chlhxh |g e G})

heG

Inthiscase, G actson C by permuting coordinates viathe left action of G onitself,
so G C Aut(C). More generally, one may take C to be any G-submodule of F[G].

5.4 Cyclotomic Arithmetic mod 2

Quadratic residue codes were introduced in Sect. 1.6.3 above. In this and the fol-
lowing sections, we focus on the binary case.
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Let R =F[x]/(x? — 1), and let rg € R bethe polynomial
rs) =y x,
ieS

where S € GF(p). By convention, rg = 0 if S = . We define the weight of rg,
denoted wt(rs), to bethe cardinality |S|. (In other words, identify in the obviousway
each rg with an element of F? and define theweight of r¢ to bethe Hamming weight
of the associated vector.) For the set Q of quadratic residuesin GF(p)* and the set
N of nonquadratic residues in GF(p)*, we have wt(rg) = wt(ry) = (p — 1)/2.
Note that r§ = rps, Where 25 is the set of elements 2s € GF(p) for s € S. Using
this fact and the quadratic reciprocity law, one can easily show that the following
are equivalent:

. ré:rQ,
e 2c 0,
e p==1(mod 8).

Moreover, if 2 € N, then ré =ry.
Let S, 81,82, 57 denote subsets of GF(p) with 3 N S; = ¢, and let §¢ =
GF(p) — S denote the complement. For a € GF(p), let

H(S1, S2,a) = | (s1,52) € S1 % S2| 51+ s2=a (mod p)}.

In particular,

o H(S1,S2,a) = H(S2, 81, a),
o thereisanatural bijection H(GF(p), S,a) = S,
o if S1NS;=0,then H(S1, S2,a) + H(Sy, S2.a) = H(S1+ S, S2, ).

Let
h(S1, S2,a) = |H (51, S2,a)| (mod 2).

Adding [H (S1, S2,a)| + |H (ST, S2,a)| = |S2| t0 |H (81, S5, a)| + |H (57, S2,a)| =
[S71, we obtain

h(S1, S2,a) = h(S5, S5, a) + | S| + |S2| (mod 2). (5.4.1)
From the definition of rg we have

rs(rs,(x) =Y h(S1, Sz, a)x
aeGF(p)

inthering R. Let x: R — R denote the involution defined by (rg)* = rge =rg +
TGF(p)- We shall see below that this is not an algebrainvolution.
Lemma 149 For all S1, So € GF(p), we have:

e |S1| odd, |So| even: rg,rs, = rg‘lrg‘z has even weight;
e |S1|even, |So| even: (rg,rs,)* = r;“lr;z has even weight;
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e |S1| even, |So| odd: rg,rs, = rg‘lrgfz has even weight;
e |S1]0dd, |S2| odd: (rs,rs,)* = r§lr’§2 has odd weight.

This lemmafollows from the discussion above by a straightforward argument.
Note that Reven = {rs || S| even} isasubring of R, and, by the previous lemma,
x isan algebrainvolution on Reyen.

5.5 Quasi-quadratic Residue Codes

These are some observations on the interesting paper by Bazzi and Mitter [BM].
We shall need to remove the assumption p = 3 (mod 8) (which they make in their
paper) below.

If S C GF(p), let fs(x) = [[,es(x —a) € GF(p)[x]. Let x = (F) be the
quadratic residue character, which is equal to 1 on the quadratic residues Q C
GF(p)*, —1 on the quadratic nonresidues N C GF(p)*, and is equal to O at
0e GF(p).

Define

Cng = {(rnrs.rors)| S S GF(p)},

where N, Q are as above. (We identify in the obvious way each pair (ryrs, rors)
with an element of F27. In particular, when S is the empty set, (rnrs,rors) IS
associated with the zero vector in F27 ) We call this aquasi-quadratic residue code.
These are binary linear codes of length 2p and dimension

1P if p=3(mod4),
p—1 if p=1(mod4).

This code has no codewords of odd weight, for parity reasons, by Lemma 149.

Remark 18 If p ==+1 (mod 8), then Cng “contains’ a binary quadrétic residue
code. For such primes p, the minimum distance satisfies the well-known square-
root lower bound d > ,/p.

Based on computations using SAGE, the following statement is likely to be
true [Jol].

Proposition 150 1. For p = 1 (mod 4), the associated quasi-quadratic residue
code and its dual satisfy Cng @ C,jQ =F?7, where @ stands for the direct product
(s0, in particular, Cng N Cy = {0)).

2.If p =3 (mod 4), then the associated quasi-quadratic residue code is self-dual:
Ciio = Cno-

In 2008 Robin Chapman [Cha] and Maosheng Xiong reported to the first au-
thor that Proposition 150 (stated as a conjecture in [Jol]) is true. As their proofs
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are similar, we describe Chapman’s algebraic proof as follows. We will also give a
combinatorial proof for the second part (due to the second author).

Proof of Proposition 150 Define aring automorphism f — f~ of R by f~(x) =
f(x~1), where x~1 denotes x?~1. We also define an F-linear map ¢ : R — FF by

p—1
S(Zaﬂc-’) =ap.

j=0
Then this gives an F-bilinear pairing on R defined by
(f.8)=¢(fg")

This pairing corresponds to the standard inner product on F?” since for f =
ZJ Oa]x = (ao,...,ap—1) and g = Zf;gbjxf = (bo,...,bp-1), e(fg7) =
ijo a;jbj = (f, g). By identifying F2” with R?, one can give R? the pairing

((f1, f2), (gl, g2)) = (f1,81) + (f2, g2), which corresponds to the standard inner
product on F27,

Let s =1(x) _Z” Ox1—1+rN+rQ We first show that if p =1 (mod 4),
then CNQ®C —IFZP It is enough to show that CNQmC = {0}. To prove this,
suppose that (f,N fro) eCNQﬂCNQ Then, for each g € R,

0=((frn, fro). (grn, gro))=(fg (rvry +rorg))
=e(fe (ry + ré)) asry =ry,ry =ro when p=1(mod4)
=e(fe (rn + FQ)Z)
=e(fe -V =¢(fg (1 - 1)
=(ft-1),¢g)

As the pairing is nonsingular, f(t — 1) = 0. Hence f(x) = f(x)t(x) =
fDe(x) € {0,t(x)}. If f(x) =0, then done. Suppose that f(x) = t(x). Then
fryv(x) = t(x)ry(x) = ry(Dt(x) = 0, where the second equdity follows
as t(x) is the al-ones vector, and the third equality follows as the weight of
ry(1) is even. By symmetry, f(x)ro(x) = 0. Therefore (fry, frg) = 0. Thus
Cno N CN = {0}, proving thefirst part of the conjecture.

Next we show that if p =3 (mod 4), then Cng is self-dual. Because Cng is
p-dimensional, it suffices to show that Cng is self-orthogonal as follows. For any

/.8 €R,

((fra. fro). (grn. gro)) =e(fg (rnry +rory))
e(fg~ (rnro +rorn))
=¢e(fg (2ryrg)) =

This proves the second part of the conjecture. O



130 5 Hyperelliptic Curves and Quadratic Residue Codes

Remark 19 We can show the second part of Proposition 150 in a combinatorial
flavor asfollows.

Suppose that p = 4k + 3 for some k > 0. Let N and Q be the circulant matrices
whose first rows are ry, r, respectively. We note that Cng has a generator metrix
G(Cng) =[N | Q] for any odd prime p. It isknown that Q0T = (k+1)I +kJ and
that NNT = (k 4+ 1) + kJ (for example, see [Ga]). Thus, Cnq is self-orthogonal
as [N QNN Q)T = NNT + QQT =2(k + 1)1 + 2kJ =0 (mod 2). Since Cng
has dimension p, Cng is self-dual.

The self-dual binary codes have useful upper bounds on their minimum distance
(for example, the Sloane-Mallows bound, Theorem 9.3.5in [HP1]). Combining this
with the lower bound mentioned above, we have the following result.

Lemma 151 If p =3 (mod 4), then
d<4-[p/12] +6.
If p=—1(mod 8), then
Jp<d<4-[p/12]+6.

Note that these upper bounds (in the cases they are valid) are better than the
asymptotic bounds of M cEliece-Rumsey—Rodemich—Welsh for rate 1/2 codes.

Example 152 The following computations were done with the help of SAGE. When
p =5, Cng has the weight distribution

[1,0,0,0,5,0,10,0,0,0,0].
When p =7, Cng hasthe weight distribution
[1,0,0,0,14,0,49,0,49,0, 14,0,0,0, 1].
When p = 11, Cng hasthe weight distribution
[1,0,0,0,0,0, 77,0, 330,0, 616, 0, 616, 0, 330, 0, 77,0, 0, 0, 0, 0, 1].

When p = 13, Cng hasthe weight distribution

[1,0,0,0,0,0,0,0,273,0,598, 0, 1105, 0, 1300, 0, 598, 0, 182, 0, 39, 0, 0, 0,

0,0,0].

The following well-known result* will be used to estimate the weights of code-
words of quasi-quadratic residue codes.

4See, for example, Weil [W] or Schmidt [Sch], Lemma2.11.2.
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Proposition 153 (Artin, Hasse, Weil) Assume that S ¢ GF(p) is nonempty.
e |S]| even:
> x(fs@) =—p—2+|Xs(GF(p)].
aeGF(p)
e |S]| odd:
> x(fs@) =—p—1+|Xs(GF(p)|.

aeGF(p)

o |S] odtlj:lThe genus of the (smooth projective model of the) curve y? = fg(x) is
g="5—,and

<(1S1-1)p¥?+1.

> x(fs@)

aeGF(p)

o |S] elvseln:zThe genus of the (smooth projective model of the) curve y2 = fs(x) is
g="5-,and

<(1S1-2)p*?+1.

> x(fs@)

aeGF(p)

Obvioudly, the last two estimates are only nontrivia for S “small” (e.g., |S| <
1/2
pe).

Lemma 154 (Tarnanen [T], Theorem 1) Fix 7, 0.39 < t < 1. For all sufficiently
large p, the following statement is false: For all subsets S ¢ GF(p) with |S| < tp,
we have 0.42p < | Xs(GF(p))| < 1.42p.

Remark 20 (1) Herethe meaning of “sufficiently large” ishard to make precise. The
results of Tarnanen are actually asymptotic (as p — oo), so we can simply say that
the negation of part (1) of thislemma contradicts Theorem 1in [T].

(2) This lemma does not seem to imply “B(1.42, p) is fase for sufficiently
large p” (so Theorem 174 below is a new result), though it would if the condi-
tion 0.42p < | Xs(GF(p))| could be diminated. Also of interest is the statement
about character sumsin Theorem 1 of Stepanov [St2].

Proof Thisisan immediate consequence of the proposition above and Theorem 1
in[T]. O

Lemma 155 (Bazzi—Mitter [BM], Proposition 3.3) Assume that 2 and —1 are
quadratic nonresidues mod p (i.e., p = 3 (mod 8)).

If c= (rnrs, rors) is a nonzero codeword of the [2p, p] binary code Cng, then
the weight of this codeword can be expressed in terms of a character sum as

wte)=p— > x(fs@)

acGF(p)
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if | S| is even and

W) =p+ Y x(fs(@)

aeGF(p)
if |.S| is odd.

In fact, looking carefully at their proof, one finds the following result.

Proposition 156 Let c= (ryrs, rors) be a nonzero codeword of Cng.

(& If |S] is even,

wt©=p— Y x(fs@)=2p+2—|X5(GF(p))|.
aeGF(p)

(b) If |S|is odd and p =1 (mod 4), then the weight is

wi© =p— > x(fse(@)=2p+2—|Xs(GF(p))|-
aeGF(p)

(c) If |S]isodd and p = 3 (mod 4), then

wt©)=p+ Y x(fs(@)=|Xs(GF(p))| -2

aeGF(p)

Proof If A, B C GF(p), then the discussion in Sect. 5.4 implies

Wi(rarp)= Y parity|An (k- B)
keGF(p)

, (5.5.1)

where k — B = {k — b|b € B}, and parity(x) = 1 if x is an odd integer and = 0
otherwise. Let § € GF(p). Then we have

p—Wi(rors) —Wt(ryrs) = Y (1—parity|Q N (a— S)|—parity| N N (a—5)|).
aeGF(p)

Let
T.(S) = 1— parity| 0 N (a — S)| — parity| N N (a — S)|.

Casel. If |S|isevenand a € S,then0eca — §,s0 |Q N (a — S)| odd implies
that |[N N (a — S)| iseven, since O isnotincludedin QN @ —S)or NN(a — S).
Likewise, |QN(a—S)| evenimpliesthat [N N(a — S)| isodd. Therefore, 7, (S) = 0.

Case2. If |S|isevenanda ¢ S, then parity |ON(a—S)| = parity|N N (a — 9S)|. If
[ON(a—S)|iseven, then T,(S) =1, andif |Q N (a — §)| isodd, then T, (S) = —1.

Case3. S| isodd. Weclaimthat (a — S) =a — S¢. (Proof: Lets € Sand s € S°.
Thena — s =a — 5 = s =35, which is obvioudly a contradiction. Therefore,
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@a—8nN(—S8)=0,% (@—98° 2 (a— 5. Replace S by S¢ to prove the
claim.) Also note that

(@N@=9)u(Qn(a—S))=GF(p)Nn Q=20
has|Q| = 1’7_1 elements (LI denotes disjoint union). So

parity| @ N (a — 8)| = parity| 0 N (a — §°)|
if and only if |Q| iseven, and

parity| Q N (a — S)| # parity| @ N (a — 5|

if and only if |Q] isodd.
Conclusion.

ISleven: T,(9)= [] (%)

xea—S
IS| odd and p =3 (mod 4): T, (S) = —T,(S°);
IS|oddand p =1 (mod4):  T,(S) = Tu(5°).

The relation between wt(c) and the character sum follows from this. For the remain-
ing part of the equation, use Proposition 153. O

Remark 21 It can be shown, using the coding-theoretic results above, that if p =
—1 (mod 8), then (for nonempty S) Xs(GF(p)) contains at least ,/p + 1 points.
This also follows from Weil’s estimate, but since the proof is short, it is given here.

Part (c) of Proposition 156 gives that if p = —1 (mod 8) and |S] is odd, then
Xs(GF(p)) contains at least ,/p + 2 points. If | S| is even, then perform the substi-
tution x = a + 1/x, y = y/x5 onthe equation y2 = fs(x). This creates a hyperel-
liptic curve X in (x,y) for which | X (GF(p))| = | Xs(GF(p))| and X = X ¢, where
|S’| = |S| — 1isodd. Now apply part (c) of the above proposition and Remark 18 to
Xg. O

Remark 22 If |S| =2 or |S| = 3, then, thanks to Wage [Wa], more can be said about
the character sums above.

o If[S|=2,then ), x(fs(a)) can be computed explicitly (itis“usually” equal to
—1; see Proposition 1 in Wage's paper).

o If |S]| =3, then >, x(fs(a)) can be expressed in terms of a hypergeometric
function over thefinitefield GF(p),

Y (=1

2F1(t) = Y YWY A -0y,

xeGF(p)

where v (x) = (%) is the Legendre symbol. See Proposition 2 in that paper for
further details.
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It has already been observed that the following fact istrue. Since its proof using
basic facts about hyperdlliptic curvesis so short, it isincluded here.

Coroallary 157 Cng is an even weight code.

Proof Since pisodd, 1# —1inGF(p), so every affine pointin X g(GF(p)) occurs
as an element of a pair of solutions of y2 = fs(x). There are two points at infinity
(if ramified, it is counted with multiplicity two), soin genera | X s(GF(p))| iseven.
Theformulasfor the weight of acodeword in the above proposition imply that every
codeword has even weight. O

As a consequence of this proposition and Lemma 151, we have the following
result.

Corollary 158 If p = 3 (mod 4), then maxs |Xs(GF(p))| > 3p — 4.

Example 159 The following examples were computed with the help of SAGE.
If p=11and S = {1,2, 3,4}, then
(rs()ry (), rsro()) = (x0 + x4 1" +x8 + x>+ 1t +x% 4+ 1,
x4 xx a3 —|—1)
correspondsto the codeword (1,0,1,0,1,1,1,1,0,1,1,1,1,0,1,0,1,1,1,0,1, 1)

of weight 16. An explicit computation shows that the value of the character sum

ZaeGF(ll) x(fs(a)) is —5, as expected.
If p=11and S = {1, 2,3}, then

(rs()rn (), rs(ro)) = (x¥ +x" +x° + x* + 23+ x% + x,
20 B 32t 1)

corresponds to the codeword (0,1,1,1,1,1,0,1,0,1,0,1,1,1,1,0,0,1,0,1,0,1)
of weight 14. An explicit computation shows that the value of the character sum
>_accran X (fse(a)) is 3, as predicted.

Recadll that B(c, p) isthe following statement: | Xs(GF(p))| <c-p fordl S C
GF(p).

Theorem 160 (Bazzi—Mitter) Fix ¢ € (0, 2). If B(c, p) holds for infinitely many
p with p =1 (mod 4), then there exists an infinite family of binary codes with
asymptotic rate R = 1/2 and relative distance § > 1 — 5.

Thisis an easy consequence of the above proposition and is essentially in [BM]
(though they assume that p = 3 (mod 8)).
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Theorem 161 If B(1.77, p) is true for infinitely many primes p with p =
1 (mod 4), then Goppa’s conjecture is false.

Proof Recall that Goppas conjecture is that the binary asymptotic Gilbert—
Varshamov bound is best possible for any family of binary codes. The asymptotic
GV bound states that the rate R is greater than or equal to 1 — H»(8), where

Hy(8) = -log, (g — 1) — §log, (8) — (1—8)log, (1 - &)

isthe entropy function (for a ¢g-ary channel). Therefore, according to Goppa's con-
jecture, if R = 3 (and ¢ = 2), then the best possible § is §o = 0.11. Assume that
p =1 (mod 4). Goppa's conjecture implies that the minimum distance of our quasi-
quadratic residue code with rate R = % satisfiesd < 8o - 2p = 0.22p for sufficiently
large p. Recall that the weight of a codeword in this quasi-quadratic residue code
is given by Proposition 156. B(1.77, p) (with p =1 (mod 4)) implies (for all
S C GF(p)) wt((rsry,rsrg)) = 2p — | Xs(GF(p))| = 0.23p. In other words, for
p =1 (mod 4), al nonzero codewords have weight at least 0.23p. This contradicts
the estimate above. 0

Theorem 162 (First asymptotic M cEli ece-Rumsey—Rodemi ch—Wel sh bound, [HP1]
Theorem 2.10.6) The rate R = k/n of any [n, k, d]»-code is less than or equal to

1
h(5)=Hz<§ —\/8(1—8)>,

where § =d/n.

For brevity, thisresult will be referred to as the MRRW bound.
Using the same arguments in the above proof and the MRRW bound, we prove
the following unconditional result.

Theorem 163 For all sufficiently large primes p for which p = 1 (mod 4), the
statement B(1.62, p) is false.

Proof If aprime p satisfies B(1.62, p), then we shall call it “admissible.” We show
that the statement “ B(1.62, p) holds for all sufficiently large primes p for which
p =1 (mod4)” contradicts the MRRW bound.

Theorem 162 and the fact that R = % for our quasi-quadratic residue codes
(with p = 1 (mod 4)) imply § < 8o = h~1(1/2) = 0.187. Therefore, for al large
p (admissible or not), d < g - 2p. On the other hand, if p is admissible and
|Xs(GF(p))| < c-p (Wherec = 1.62), then by the aboveargument, d > 2-(p—5p).
Together, weobtain 1 — 5 < 8p,S0¢ > 2- (1 — h~1(1/2)) = 1.626. Thisisacontra-
diction. O

Corollary 164 There is a constant pg (ineffectively computable) having the fol-
lowing property: if p > po, then there is a subset S ¢ GF(p) for which the bound
| Xs(GF(p))| > 1.62p holds.
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5.6 Weight Distributions

As we saw in the previous chapter, associated to a linear code C over GF(g) there
isazetafunction Z = Z of theform

P(T)
ZT)= ——
1-7T)1—-4T)
where P(T) is a polynomial of degree n + 2 — d — d+ which only depends on C
through its weight enumerator polynomial (here d is the minimum distance of C,
and d+ is the minimum distance of its dua code C+; we assume that d > 2 and
d+ > 2). We aso defined (for formally self-dual codes C) the Riemann hypothesis
to be the statement that all the zeros occur on the “critical circle”

Example 165 The following computations were done with the help of SAGE. If
p =7, thenthe[14, 7, 4] (self-dual) code Cng has the “zeta polynomial”
9 _, 28 5 40 _, 5 _5 76 4

2 4
P(T):ES+F3T+4_29T +@T +@T +4—29T +EQT

2, 2
143 143"
It can be checked that all the roots p of Z¢ have |p| = 1/+/2, thus verifying the
Riemann hypothesisin this case.

It would be interesting to know if the Duursma zeta function Z(T') of Cng for
p = 3 (mod 4) always satisfies the Riemann hypothesis.

Proposition 166 If p = 1 (mod 4), then the code C’ spanned by Cng and the
all-ones codeword (i.e., the smallest code containing Cng and all its comple-
mentary codewords) is a formally self-dual code of dimension p. Moreover, if
A =[Aop, Az, ..., A,] denotes the weight distribution vector of Cng, then the weight
distribution vector of C’ is A + A*, where A* =[A,, ..., A1, Ao].

Just like Proposition 150, R. Chapman and M. Xiong showed independently that
Proposition 166 (which was aso a conjecture in [Jol]) is true. We give Chapman’s
algebraic proof first and then our combinatorial proof.

Proof of Proposition 166 (Algebraic proof) Let 1>, be the al-ones vector of
length 2p. The second part follows as C’ = Cng U (12, + Cng). Hence we only
show thefirst part, i.e., if p =1 (mod 4), then C” isformally self-dual. In what fol-
lows, we show that C'+ = Con +F(t(x), (x)), where Con = {(rors, rnrs) | S C
GF(p)}. Thiswill imply that C’* isequivalent to C’, that is, C’ isisodual, implying
that C” isformally self-dual. It is easy to seethat (¢(x), 7(x)) ¢ Cng Sincet(x) has
odd weight and frp isevenforany f € R asrp has even weight. Thisimplies that
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C’ hasdimension p. It sufficesto show that C” isorthogonal to Con +F(z (x), 1 (x))
asthelatter has dimension p too. Note that (¢ (x), #(x)) is orthogonal to Cng since

((fra, fro). t.0)=e(ft™(rn +rg))
=e(ftt—1)=e(f(t?—1))=e(f-0)=0.

Inasimilar manner, (z(x), t(x)) is orthogonal to Qo . Finally, Cng and Coy are
orthogonal sincefor any f, g € R,

((fra. fro). (gro.grn)) =e(fg™ (rnrg +rory))

= s(fgf(rNrQ + rQrN)) = s(fgf(ZrNrQ)) =0.

This compl etes the proof of Proposition 166.
(Combinatorial proof) Note that C’ has a generator matrix [f]/ | l?] We show

below that its dual C'* has a generator matrix [1Q|f/] Thiswill imply that C’ is
isodual and hence formally self-dual. Y

Let p =1 (mod 4). We have seen above that 15, isnot in Cng since 1, is not
in the binary code generated by N, each row of which has even weight. Therefore,
Rank([/;/ 2]) = p. Further, it is easy to see that

IV]QNQINT =N QT + oNT
=NQ+ON=NQ+NQ=0(mod?2)

since 9T = Q, NT =N, and QN = N Q [Gd] if ¢ = 1 (mod 4). Clearly 15, is
orthogonal to [\ | Q] and [Q | V]. Therefore the dual of C’ has a generator matrix
[lQp | i\,/ ]. This completes the proof of Proposition 166. ad

Recall that a self-dua codeis called “extrema” if its minimum distance satisfies
the Sloane-Mallows bound [D3] and “optimal” if its minimum distance is maxi-
mal among all such linear codes of that length and dimension. As noted above, the
Duursma zeta function has been conjectured to satisfy the Riemann hypothesis for
al extremal self-dual codes C. The example below shows that “ extremal self-dual”
cannot be replaced by “optimal formally self-dual.” This example also shows that
the Riemann hypothesisis not valid in general for these “extended quasi-quadratic
residue codes”

Example 167 If p =13, then C’ isa[26, 13, 6] code with weight distribution

[1,0,0,0,0,0,39,0,455,0,1196, 0, 2405, 0, 2405, 0, 1196, 0, 455, 0, 39, 0, 0, O,
0,0,1].
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Thisis (by coding theory tables, asincluded in SAGE) an optimal, formally self-dual
code. This code C’ has the zeta polynomial

3 6 . 6L, 9 . 3Ml_, 6M8 .

17710 8855 336490 2185 408595 408595

L M09 o 22580 . 66303 ., 22530 o 4A99 .,
1634380 520030 1040060 260015 408595
51584 5 55056, 288 4o 19552 ., 768 .

408595 408595 2185 168245 8855

384 16

@)T .

P(T) =

+

Using SAGE, it can be checked that only 8 of the 12 zeros of this function have
absolute value 1/+/2.

5.7 Long Quadratic Residue Codes

We now introduce a new code, constructed similarly to the quasi-quadratic residue
codes discussed above:

C={(rnrs.rors,rnr§. rors)|S € GF(p)}.

We call this a long quadratic residue code and identify it with a subset of F47,
Observe that this code is nonlinear.
Forany S C GF(p), let

Cs = (rars.rors. rNrg.rors),
and let

Vs = (rNTS, TQrs, INTS, TQFS)-

If S1AS> denotes the symmetric difference between S1 and S», then it is easy to
check that

Cs; +Cs, = Us;AS,- (5.7.1)

We now computethe size of C using Lemma 149. We prove the following claim:
if p =3 (mod 4), then the map that sends S to the codeword cs is injective. This
implies |C| = 27. Suppose not; then there are two subsets S1, S» C GF(p) that are
mapped to the same codeword. Subtracting gives cs; — Cs, = Cs; + Cs, = Us;AS,,
and the subset T = S1A S satisfies rorr =rnry =rgrre =ryrre =0. If |T]|is
even, then 0= (ro + ry)rr = (roF(p) — Drr = rr. Thisforces T' to be the empty
set, so S1 = S2. Now if |T| is odd, then similar reasoning implies that 7¢ is the
empty set. Therefore, S1 = ¢ and So = GF(p) or vice versa. This provesthe claim.
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In the case p = 1 (mod 4), we claim: |C| = 2P~1. Again, suppose that there are
two subsets S1, S2> € GF(p) that are mapped to the same codeword. Then the subset
T = S1AS; stisfiesrgrr =ryrr =rorre =ryrre = 0. Thisimplieseither T = ¢
or T = GF(p). Therefore, either S1 = S, or 1 = S5.

Combining this discussion with Proposition 153, we have proven the following
result.

Theorem 168 The code C has length n = 4p and has size M = 2P~ 1 if p=
1 (mod 4), and size M =27 if p =3 (mod 4). If p =3 (mod 4), then the mini-
mum nonzero weight is 2p, and the minimum distance is at least

d,=4p —2 max |Xs(GF .
p P SCGR() | S( (P))|
If p=1(mod 4), then C is a binary [4p, p — 1, d,]-code.

Remark 23 If p =3 (mod 4), there is no simple reason to think why the minimum
distance should actually be less than the minimum nonzero weight.

Lemma 169 If p =1 (mod 4), then

e vg =Cg,
® Cg; + Cs, = Cs;AS,s
e the code C is isomorphic to the quasi-quadratic residue code Cng.

In particular, C islinear and of dimension p — 1.

Proof It followsfrom the proof of Theorem 168that if p =1 (mod 4), thenryrg, =
rnrs, andrors, =rors, if and only if S, = 7. The lemmafollows rather easily as
a consequence of thisand (5.7.1). O

Assumethat p =3 (mod 4). Let
V ={vs|S CGF(p)},

and let

Lemma 170 The code C is

o the smallest linear subcode of F*#? containing C,
e dimension p + 1,
e minimum distance min(d,, 2p).

By abuse of terminology, we call C along quadratic residue code.
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Proof Thefirst part follows from (5.7.1). The second part follows from a counting
argument (as in the proof of Theorem 168). The third part is a corollary of Theo-
rem 168. g

Recall that

p— ZaeGF(p)( ) |S| even (any p),
Wi(ryrs, rors) =4 p — ZaeGF(p)( )), |S| odd and p = 1 (mod 4),
P+ Y accrp S‘,,(‘”) S| odd and p = 3 (mod 4),

\

by Proposition 156.

Lemma 171 For each p, the codeword cs = (rnrs,rors,rnrs.rorg) of C has
weight

2p — 2 secr(p (B57). p=1(mod4),

wt(cs) =
(©s) 2p, p =3 (mod4).

In other words, if p = 3 (mod 4), then C is a constant-weight code.
Proof Indeed, Proposition 156 impliesthat if p = 1 (mod 4), then

Wt(rNrS, rors,Nrs, rQrg‘) =Wt(ryrs, rors) + Wt(rNr§, rQrg‘)
=2 -Wt(ryrs, rors)
—2p-2 ) (—fS(“)); (5.7.2)
aeGF(p) p

if p=3(mod4) and |S] iseven, then

Wt(rnrs, rors, rNre, rors) = Wt(ryrs, rors) +Wt(ryrs, rors)

- T (fs;a)>+p+ )3 (fs(a)>

4cGF(p) acGF(p) © P

andif p =3 (mod4) and |S| isodd, then

Wt(rNrS, rors,rNrg, rQrg‘) =Wt(ryrs,rors) + Wt(rNrg‘, rQrgf)

—pt+ Y (fS;”) _y (fs(a)>

4cGF(p) acGF(p) © P
=2p. (5.7.4)

O
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5.7.1 Examples

Example 172 The following examples were computed with the help of SAGE.
When p =11and § = {1, 2, 3, 4}, cg corresponds to the codeword

0111110101011110,01010,1,10,0,0,0,0,1,0,1,0, 1,
0,0,0,0,1,1,0,1,0,1,0

of weight 22. When p =11 and S = {1, 2, 3}, cs corresponds to the codeword

1,0,10,1,1,1,1,0,1,1,1,1,0,1,0,1,1,1,0,1,1,0,1,0,1,0,0,0,0, 1, 0, O,
0,0,1,0,1,0,0,0,1,0,0)

of weight 22.

It turns out that Lemma 170 allows us to improve the statement of Theorem 161
in Sect. 5.5. The next subsection is devoted to this goal .

5.7.2 Goppa’s Conjecture Revisited

We shall now remove the condition p = 1 (mod 4) in one of the resultsin Sect. 5.5,
at a cost of weakening the constant involved.

Assuming that B(c, p) holds, we have that the minimum distance of C is >
min(d,, 2p) > 4p(1— 5) and theinformation rate is R = % + 4i. When R = 1/4,
Goppa's conjecture gives § = 0.214. ... So Goppa's conjecture will be falseif 1 —
5 =0.215, or ¢ = 1.57. We have the following improvement of Theorem 161.

Theorem 173 If B(1.57, p) is true for infinitely many primes p, then Goppa’s
conjecture is false.

A similar argument (using 4 (x) and the MRRW bound in place of 1 — H>(x) and
the hypothetical Goppa bound) gives the following:

Theorem 174 B(1.39, p) cannot be true for infinitely many primes p. In other

words, for all “sufficiently large” p, we must have Xs(GF(p)) > 1.39p for some
S C GF(p).

5.8 Some Results of Voloch

The following unpublished results of F. Voloch have been included with his kind
permission.
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Lemma 175 (Voloch) If p =1, 3 (mod 8), then |X o (GF(p))| = 1.5p + a, where
Q is the set of quadratic residues, and « is a small constant, —% <a< g

A similar bound holdsif X ¢ isreplaced by Xy and p = 1, 3 (mod 8) isreplaced
by p =7 (mod 8) (in which case, 2 is aquadratic residue).

Proof By Proposition 153, we know that if p =3 (mod 8) (so | Q] is odd), then

Y x(fo@)=—p—1+|Xo(GF(p))|-

aeGF(p)

Similarly, if p =1 (mod 8) (so |Q| iseven), then

3 x(fo@)=—p—2+|Xo(GF(p)|.

aeGF(p)
Sinceb'z" = x(b) (mod p), we have

x”T_l_lzn(x_a)zfQ(x), xpT_lJrl:l_[(x—a).

acQ aeN

In particular, foral n e N,

foy =] —ay=n"7 —1=—2(mod p).
aeQ

Since p = 1,3 (mod 8), we have x(—2) =1, s0 x(fo(n)) =1 for al neN.
It follows that |Xo(GF(p)l = 3p + x(fp(0) + 3 (if p =3 (mod 8)) or
1Xo(GF(p)|=3p+ x(fo(0) + 3 (if p=1(mod 8)). O

Here is an extension of the idea in the above proof. Fix an integer ¢ > 2. As-
suming that ¢ divides p — 1, thereare distinct £throotsr1 =1, ra, ..., r¢ in GF(p)

forwhich x?=2 — 1= [_; (x "7 —r). AlS0, x T = 1= cp, (x —a@) = fp, (x),

where P; denotes the set of nonzero ¢th powersin GF(p).

Claim It is possible to find an infinite sequence of primes p satisfying p =1
(mod ¢) and x (r; —1) = 1for all 2<1i < ¢ (where x denotes the Legendre charac-
ter mod p). If the claim is true, then we will have a lower bound for | X p, (GF(p))|

on order of (2 — %)p, along the lines above, by Proposition 153.

Proof of claim It is a well-known fact in algebraic number theory that p =1
(mod ¢) implies that the prime p splits completely in the cyclotomic field Q, gen-
erated by the ¢th roots of unity in C, denoted 71 = 1, 72, ..., 7. The condition
x(ri —1) =1 means that p splits in the extension of Q, obtained by adjoining
Jri —1(herei =2,...,¢). By Chebotarev's density theorem there exist infinitely
many such p, as claimed. O
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In fact, there are effective versions which give explicit information on computing
such p [LO, Sel]. This, together with the previous lemma, proves the following
result.

Theorem 176 (Voloch) If ¢ > 2 is any fixed integer, then for infinitely many
primes p, there exists a subset S ¢ GF(p) for which | Xs(GF(p))| = (2 — %)p +a,

where a is a small constant, —% <a< g

In fact, the primes occurs with a positive (Dirichlet) density, and the set S can be
effectively constructed.

Open Problem 29 Recent work of Pippa charters [Char] investigates a generaliza-
tion of quadratic residue codes called higher power residue codes. Do these theo-
rems have analogs for them?



Chapter 6
Codes from Modular Curves

One of the most interesting class of curves, from the perspective of arithmetical
algebraic geometry, are the so-called modular curves. Some of the most remark-
able applications of algebraic geometry to coding theory arise from these modu-
lar curves. It turns out these algebraic-geometric codes (“AG codes”) constructed
from modular curves can have parameters which beat the Gilbert—\Varshamov lower
bound if the ground field is sufficiently large.

Open Problem 30 Find an infinite family of binary linear codes which, asymptoti-
cally, beats the Gilbert—\arshamov lower bound or prove that no such family exists.

We shall try to make a more precise statement of this open problem below (see
also Open Question 25 above). However, the basic idea is to try to use the theory
of algebraic curves over a finite field for improvement of the Gilbert—Varshamov
lower bound. Since we do not (yet) really know how to tell if an arbitrarily given
code arises as an AG code [PSvW], perhaps all this sophistication can be avoided.

The topic of AG codes is sketched briefly in Huffman and Pless [HP1], Chap. 13.
More complete treatments are given in Tsfasman, Vladut, and Nogin [TVN], Tsfas-
man and Vladut [TV], Stichtenoth [Sti], Moreno [Mo], and Nieddereiter and Xing
[NX]. These are all recommended texts for background below.

6.1 An Overview

Modular curves are remarkable for many reasons, one of which is their high degree
of symmetry. In other words, there are a large number of different automorphisms
of the curve onto itself. When these curves are used to construct codes, those codes
can display not only unusually good error-correcting ability but also remarkable
symmetry properties. Still, there are aspects of the structure of this symmetry which
are still unknown.

Let N > 5 be a prime. The modular curve X (N) has a natural action by the finite
group G = PSL(2, N), namely the projective special linear group with coefficients

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 145
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_6, © Springer Science+Business Media, LLC 2011
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in GF(N). In fact, the quotient X (N)/G is isomorphic to X(1) =P If D is a
PSL(2, N)-invariant divisor on X (N), then there is a natural representation of G on
the Riemann—Roch space L(D). In this chapter, we discuss some results about the
PSL(2, N)-module structure of the Riemann—Roch space L(D) (in the case where
N isprimeand N > 7).

If D is nonspecial, then a formula in Borne [Bo] gives

[L(D)] = (1 — gx@)[k[G]] + [deg,, (D)] — [IG]- (6.1.1)

Here gx(1) is the genus of X (1) (which is zero), square brackets denote the equiv-
alence class of a representation of G, deg,, (D) is the equivariant degree of D, and

I'; is the ramification module (these terms and notions are defined in Sect. 7.5 be-
low, in [JK2], and in Borne’s paper [Bo]). This result is mostly stated here for later
reference.

The G-module structure of L(D) is explicitly known if, in addition, N =1
(mod 4). This is discussed further below.

As a corollary, it is an easy exercise now to compute explicitly the decomposition

HY(X(N), k) = HO(X(N), 2Y) ® HO(X (N), 21) = L(K) ® L(K)

into irreducible G-modules, where K is a canonical divisor. This was discussed
in [KP] (over k = C) and [Sc] (over the finite field k = GF(N)). Indeed, Schoen
observes that the multiplicities of the irreducible representations occurring in
HY(X(N), k) can be interpreted in terms of the dimension of cusp forms and num-
ber of cusps on X (N).

In Sects. 6.2.1 and 6.4, applications to AG codes associated to this curve are
considered (SAGE [S] was used to do some of these computations). In Sect. 6.7.1,
we look at the examples N =7, 11, using [GAP] to do many of the computations.

Notation Throughout this chapter, we assume that N > 5 is a prime, GF(N) is
the finite field with N elements, and G = PSL(2, N).

6.2 Introduction to Algebraic Geometric Codes

Let F = GF(g) denote a finite field, and let F =T denote the algebraic closure of
GF(q).

In the early 1980s, a Russian mathematician Goppa discovered a way to asso-
ciated to each “nice” algebraic curve defined over a finite field a family of error-
correcting codes whose length, dimension, and minimum distance can either be de-
termined precisely or estimated in terms of some geometric parameters of the curve
you started with. In this section, rather than going into detail about Goppa’s general
construction, we shall focus on a very special case where these constructions can be
made very explicitly.
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6.2.1 The Codes

If D isany divisor on X, then the Riemann—Roch space L(D) is a finite-dimensional
F-vector space given by

L(D)=Lx(D)={f e F(X)*|div(f) + D >0} U{0}, (6.2.1)

where div(f) denotes the divisor of the function f € F(X). These are the rational
functions whose zeros and poles are “no worse than those specified by D.” Let ¢(D)
denote its dimension.

Let

D e Div(X)

be a divisor in X (F) stabilized by G whose support is contained in X (IF). Let
P, ..., P, € X(IF) be distinct points, and

E=P;+---+ P, € Div(X)

be stabilized by G. This implies that G acts on the set supp(E) by permutation.
Assume that supp(D) N supp(E) = @. Choose an F-rational basis for L(D) and let
L(D)y denote the corresponding vector space over IF. Let C denote the algebraic-
geometric (AG) code

C=CD,E)={(f(P0),.... f(P))| f € L(D)r}. (6.2.2)
This is the image of L(D)r under the evaluation map

evalg : L(D) — F",
fr—=(f(P), ..., f(P).
The group G acts on C by g € G sending

(6.2.3)

c=(f(P),.... f(P)) eCr— ' = (f(g7 (PD),.... F(g T (P)),

where f € L(D). First, we observe that this map, denoted ¢ (g), is well defined.
In other words, if evalg is not injective and c¢ is also represented by f’ € L(D),
S0 ¢ = (f/(Py),..., f'(Py) € C, then we can easily verify (f(g~1(Py),...,

& P)) = (f' @ H(P), ..., f'(g7 (Pu). (Indeed, G acts on the set supp(E)
by permutation.) This map ¢ (g) induces a homomorphism of G into the permuta-
tion automorphism group of the code Aut(C), denoted

¢: G — Aut(C). (6.2.4)
For properties of this map, see [JKT]. In particular, the following is known.

Lemma 177 If D and E satisfy deg(D) > 2g and deg(E) > 2g + 2, then ¢ and
evalg are injective.
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Proof We say that the space L(D) separates points if for all points P, Q € X,
f(P)= f(Q) (forall f e L(D))implies P = Q (see [Ha], Chap. Il, Sect. 7). By
Proposition 1V.3.1 in Hartshorne [Ha], D very ample implies that L(D) separates
points. In general, if L(D) separates points, then

Ker(¢) = (g€ Glg(P) =P, 1<i <n}.

It is known (proof of Proposition VI13.3, [Sti]) that if » = deg(E) > 2¢g + 2, then
{geG|g(P)=P;, 1 <i <n}istrivial. Therefore, if n > 2¢g 4+ 2 and L(D) sep-
arates points, then ¢ is injective. Since (see Corollary 1V.3.2 in Hartshorne [Ha])
deg(D) > 2g implies that D is very ample, the lemma follows. O

Let P be the permutation automorphism group of the code C = C(D, E) defined
in (6.2.2). In many cases it is known that the map ¢ : G — P is anisomorphism (see,
for example, [JKT]). In any case, using (6.2.4), we regard C as a G-module. In par-
ticular, the (bijective) evaluation map evalg : L(D) — C in (6.2.3) is G-equivariant.

A code associated to the projective line in the manner above is referred to as
a generalized Reed—Solomon code. The automorphism groups of such codes have
been completely determined (see, for example, [JKT]).

6.2.2 The Projective Line

By way of introduction, we start with the example of the simplest curve, the projec-
tive line.

What exactly is the projective line P*? The analogy to keep in mind is that P! is
analogous to the complex plane compactified by adding the point at infinity, i.e., the
Riemann sphere C.

Algebraically, in a rigorous treatment points are replaced by places, “valuations”
on the function field F(P1), which correspond to localizations of a coordinate ring
F[P1] (see Moreno [Mo], Sect. 1.1).

We shall, for reasons of space, emphasize intuition over precision. What is a
point? P! (as a set) may be thought of as the set of lines through the origin in affine
space F2. We say that two points in FZ — {(0, 0)} are “equivalent” if they lie on the
same line (this is an equivalence relation). If y # 0, then we denote the equivalence
class of (x, y) by [a : 1], where a = x/y. If y = 0, then we denote the equivalence
class of (x, y) by [1: 0]. This notation is called the projective coordinate notation
for elements of P,

The group GL(2, C) acts on the Riemann sphere by linear fractional (*“Md&bius’™)
transformations, z — ;‘;jr“s, (‘Z 5) e GL(2,C). This action factors through
PGL(2, C) since scalar matrices act trivially. Similarly, PGL(2, F) acts on PL. In
fact, Aut(Pl) = PGL(2, F).
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Riemann-Roch Spaces

The only meromorphic functions on the Riemann sphere are the rational functions,
so we focus on the F-valued rational functions on the P, denoted F(P1). Let f €
F(PY),s0 f(x)= % is a rational function, where x is a “local coordinate” on P!,
and p(x), g(x) are polynomials. In other notation,

F(PY) = F(x).

For example, a polynomial f(x) of degree n in x is an element of F(P) which has
n zeros (by the fundamental theorem of algebra) and a pole of order » at “the point
at infinity”, denoted oco. (What this really means is that f(1/x) has a pole of order
natx=0.)

A divisor on P! is simply a formal linear combination of points with integer
coefficients, only finitely many of which are nonzero. The divisor of f is the formal
sum of zeros of f minus the poles, counted according to multiplicity. These sums
include any zero or pole at the “point at infinity” on P1. For any given divisor D,
the set of points occurring in the formal sum defining D whose integer coefficient
is nonzero is called the support of D, written supp(D). The divisor of a rational
function f is denoted div(f). If f is, for example, a polynomial of degree » in x,
thendiv(f) = Py +---+ P, —noo and supp(div(f)) = {P1, ..., P,, oo}, where the
P;’s denote the zeros of f. Since divisors are merely formal integral combinations
of points, the sum and difference of any two divisors are other divisors. The Abelian
group of all divisors is denoted Div(P?).

Let X =P, and let F(X) denote the function field of X (the field of rational
functions on X).

Let co =[1:0] € X denote the point at infinity. In this case, the Riemann—-Roch
theorem becomes

¢(D) — £(—200 — D) = deg(D) + 1.

It is known (and easy to show) that if deg(D) < 0, then ¢£(D) =0, and if deg(D) > 0,
then ¢(D) = deg(D) + 1.

The Action of G on L(D)

Let F be algebraically closed, and let X = P1/F, by which we mean P! with
base field F, so the field of rational functions is F(P1). In this case, Aut(X) =
PGL(2, F).

The action p of Aut(X) on F(X) is defined by

P Aut(X) — Aut(F (X)),
g— (fr—r%)

where f£(x) = (p()(f)(x) = f(g7 (x).
Note that ¥ = X /G is also smooth and F(X)¢ = F(Y).
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Of course, Aut(X) also acts on the group Div(X) of divisors of X, denoted
g pdpP) =7 pdpg(P), for g € Aut(X), P a prime divisor, and dp € Z. It
is easy to show that div(f¢) = g(div(f)). Because of this, if div(f) + D > 0, then
div(f8) 4+ g(D) > 0 for all g € Aut(X). In particular, if the action of G C Aut(X)
on X leaves D € Div(X) stable, then G also acts on L(D). We denote this action by

p:G— Aut(L(D)).
A basis for the Riemann—Roch space is explicitly known for PL. For notational
simplicity, let
X, P=[1:0]=o00,

mp(x) =
{u—ml,P=wﬂL

Lemma 178 Let Py = oo =[1:0] € X denote the point corresponding to the lo-

calization F[x]1/x). For 1 <i <s, let P; =[p; : 1] denote the point corresponding

to the localization F[x]—p,) for p; € F. Let D =3";_,a; P; be a divisor, ay € Z

forO<k <s.

(@) If D is effective, then
{Lmp)F1<k=<a,0<i<s}

is a basis for L(D).

(b) If D is not effective but deg(D) > 0, then write D =d P + D’, where deg(D’) =
0,d >0, and P is any point. Let g(x) € L(D’) (which is a one-dimensional
vector space) be any nonzero element. Then

{mpx)'qx)|0<i <d}

is a basis for L(D).
(c) If deg(D) <0, then L(D) = {0}.

The first part is Lemma 2.4 in [Lo]. The other parts follow from the definitions
and the Riemann—Roch theorem.

6.3 Introduction to Modular Curves

Suppose that V is a smooth projective variety over a finite field F. An important
problem in arithmetical algebraic geometry is the calculation of the number of
F-rational points of V, |V (IF)|. The work of Goppa [G1] and others have shown
its importance in geometric coding theory as well.! We refer to this problem as the

1The expository paper [JS] discussed this in more detail from the computational perspective.
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counting problem. In most cases it is very hard to find an explicit formula for the
number of points of a variety over a finite field.

When the V arises by “reduction mod p” from a “Shimura variety” defined by
certain group theoretical conditions (see Sect. 6.3.1 below), methods from non-
Abelian harmonic analysis on groups can be used to find an explicit solution for
the counting problem. The Arthur-Selberg trace formula [Shok] provides such a
method. Using the Arthur-Selberg trace formula, an explicit formula for the count-
ing problem has been found for Shimura varieties, thanks primarily to the work of
Langlands and Kottwitz [Lan1, K1, K2].2 The trace formula allows one (with suf-
ficient skill and expertise!) to relate, when V is a Shimura variety, the geometric
numbers |V (k)| to orbital integrals from harmonic analysis ([Lab], for example), or
to a linear combination of coefficients of automorphic forms ([Gel], for example),
or even to representation-theoretic data ([Cas2], for example).

However, another type of application of the trace formula is very useful to the
coding theorist. Moreno [Mo] first applied the trace formula in the context of Goppa
codes to obtaining a new proof of a famous result of M. Tsfasman, S. Vladut,
T. Zink, and Y. Ihara. (Actually, Moreno used a formula for the trace of the Hecke
operators acting on the space of modular forms of weight 2, but this can be proven
as a consequence of the Arthur—Selberg trace formula [DL], Sect. 11.6.) This will be
discussed below. We are going to restrict our attention in this chapter to the interplay
between Goppa codes of modular curves, the counting problem, and the action of
the automorphism group on these codes. We will give some examples using SAGE.
In coding theory, curves with many rational points over finite fields are being used
for construction of codes with some good specific characteristics. We discuss AG (or
Goppa) codes arising from curves, first from an abstract general perspective, then
turning to concrete examples associated to modular curves. We will try to explain
these extremely technical ideas using a special case at the level of a typical graduate
student with some background in modular forms, number theory, group theory, and
algebraic geometry. For an approach similar in spirit, though from a more classical
perspective, see the book of Moreno [Mo].

6.3.1 Shimura Curves

In this section we study arithmetic subgroups, arithmetical quotients, and their ra-
tional compactifications. Ihara first introduced Shimura curves, a rational compacti-
fication of I"\H where I" is a particular discrete subgroup acting on the upper half-
plane® H, from a classical perspective. We shall recall them from both the classical
and group-theoretical point of view. The latter perspective generalizes to higher-
dimensional Shimura varieties [Del].

2For some introductions to this highly technical work of Langlands and Kottwitz, the reader is
referred to Labesse [Lab], Clozel [CI], and Casselman [Cas2].

3The space H= {z € C | Im(z) > 0} is also called the Poincaré upper half plane.
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Arithmetic Subgroups

We assume that G = SL(2) is the group of 2 x 2 matrices with entries from an
algebraically closed field £2. In particular, the group of R-points of SL(2) for a
subring R C £2 with unit element 1 is defined by

SL(2, R)={g e M(2,R) | det(g) =1},

where M(2, R) is the space of 2 x 2 matrices with entries from R. We now define
congruence subgroups in SL(2, Z). Let SL(2, Z) be the subgroup of SL(2, R) with
integral matrices. Consider a natural number N, and let

a b a,d=1(mod N)
F(N)z{[c d]eSL(Z,Z)‘b’CEO(mOdN) }

We note that the subgroup I"(N) is a discrete subgroup of SL(2, R), which is called
the principal congruence subgroup of level N. Any subgroup of SL(2, Z) that con-
tains the principal congruence subgroup is called a congruence subgroup.

In general, an arithmetic subgroup of SL(2, R) is any discrete subgroup I" that is
commensurable with SL(2, Z), where commensurability means that the intersection
I' NSL(2,Z) is of finite index in both I" and SL(2, Z). The group I"(N) has the
property of being commensurable with SL(2, Z).

Riemann Surfaces as Algebraic Curves

Note that the group SL(2, R) acts on H by

az+>b
cz+d

g-z=(az+b)(cz+d) L=

3

where z € H, g =[¢ s] € SL(2, R).

We emphasize that the action of SL(2,R) on H is transitive, i.e., for any two
points w1, wy € H, there is an element g € SL(2, R) such that wy = g - w1. This can
easily be proved. We also emphasize that there are subgroups of SL(2, R) for which
the action is not transitive; among them, the class of arithmetic subgroups are to be
mentioned. For example, the group SL(2, Z) does not act transitively on H, and the
set of orbits of the action of SL(2, Z) on H (and similarly any arithmetic subgroup)
is infinite. We call the arithmetic quotient I"\H the set of orbits of the action of an
arithmetic subgroup I" on H.

Example 179 Take I" to be the Hecke subgroup I(N) defined by

TH(N) = {[j Z] eSL2,7Z)|c=0 (modN)}
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for a natural number N. This is a congruence subgroup, and Yo(N) = I'p(N)\H
is an arithmetic quotient. Such a quotient is not a compact subset, nor a bounded
one; it is however a subset with finite measure (volume) under the non-Euclidean
measure induced on the quotient from the group SL(2, R) which is a locally compact
group and induces the invariant volume element d“;iy, where x, y are the real and
complex parts of an element 7z € H.

We now recall the basic ideas that turn an arithmetic quotient of the form "\ H
into an algebraic curve. Let I C SL(2, Q) be an arithmetic subgroup. The topolog-
ical boundary of H is R and a point co. For the rational compactification of H, we
do not need to consider all the boundaries R and {oo}. In fact, we need only to add
to H the cusps of I (a cusp of I" is an element of Q that is fixed under the action
of an element y € I" with the property that |tr(y)| = 2). Any two cusps x1, x2 such
that § - x; = x1 for an element § € I" are called equivalent. Let C(I") be the set of
inequivalent cusps of I". Then C(I") is finite. We add this set to H and form the
space H* = HU C(I"). This space will be equipped with certain topology such that
a basis of the neighborhoods of the points of H* is given by three types of open sets;
if a point in H* is lying in H, then its neighborhoods consist of the usual open discs
in H; if the point is oo, i.e., the cusp oo, then its neighborhoods are the set of all
points lying above the line Im (z) > « for any real number «; if the point is a cusp
different from oo which is a rational number, then the system of neighborhoods of
this point are the union of the cusp and the interior of a circle in H tangent to the
cusp. Under the topology whose system of open neighborhoods we just explained,
H* becomes a Hausdorff nonlocally compact space. The quotient space I"\H™* with
the quotient topology is a compact Hausdorff space. We refer to this compact quo-
tient as the rational compactification of I"\H. For a detailed discussion, we refer
the reader to [Shim].

When the arithmetic group is a congruence subgroup of SL(2, Z), the resulting
algebraic curve is called a modular curve. For example, the rational compactification
of Y(N) = I'(N)\H is denoted by X (N), and the compactification of Yo(N) =
To(N)\H by Xo(N).

Example 180 Let N =1. Then I' = I"'(1) = SL(2, Z). In this case, C(I") = {o0},
since all rational cusps are equivalent to the cusp co. So H* = H U {oc}, and I"\H*
will be identified by I"\HU {oc}. This may be seen as adding oo to the fundamental
domain F; = F of SL(2, Z) that consists of all complex numbers z € H in the upper
half-plane with |z| > 1 and |Re (2)| < 3.

The rational compactification of I"\H turns the space I"\H* into a compact Rie-
mann surface (cf. [Shim]) and so into an algebraic curve (cf. [Nara] or [SS]).

In general, it is easiest to work with those arithmetic subgroups which are torsion
free, and we shall assume from this point on that the arithmetic subgroups we deal
with have this property. For example, I"(N) and I'p(N) for N > 3 are torsion free.
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An Adelic View of Arithmetic Quotients

Consider the number field Q, the field of rational numbers. Let Q,, be the (p-adic)
completion of Q under the p-adic absolute value | - |,, where |a/b|, = p~" when-
ever a, b are integers and a/b = p" H@;ép prime £ 1, e¢ € Z. (Roughly speaking,
Q) is a set of Laurent series in p whose coefficients belong to Z/pZ.) Under the
ordinary absolute value, the completion of Q is R, also denoted Q.. = R. These are
topological fields (under the metric topology) and the ring of integers of Q,,,

sz{erpHﬂfl}y

is a maximal compact open subring of Q,,. The ring of adeles of Q is the commuta-
tive ring A that is given by the restricted direct product

A= {(xoo,xz,...) eR x l_[(@,,‘ all but a finite number of x/, eZ[,}.
p

In the product topology, A is a locally compact ring. If A ; denotes the set of adeles
omitting the R-component x., then A is called the ring of finite adeles, and we
can write A =R x A¢. Under the diagonal embedding, Q is a discrete subgroup
of A.

We now consider the group G = GL(2). For a choice of an open compact sub-
group Ky C G(Ay), it is known that we can write the arithmetic quotient (which
was originally attached to an arithmetic subgroup of I" C SL(2, Q)) as the following
quotient:

Y(Kf)=GQ\[H x (G(Ap)/Kf)]=T\H, (6.3.1)

where
r=G6(QNGMR)K;. (6.3.2)
Thus our arithmetic subgroup I" is completely determined by K ¢. From now on we

assume that K ¢ has been chosen so that I” is torsion free.

Definition 181 Let G = GL(2). To G is associated the Shimura variety Sh(G) as
follows. Let N > 3 be a natural number. Let I"(N) be the congruence subgroup of
level N of SL(2,Z), and K = SO(2, R) the orthogonal group of 2 x 2 real matrices
A with determinant 1 satisfying ‘AA = I, where I, denotes the 2 x 2 identity
matrix. Then

Y(N) = I'(N)\HZ I'(N)\G(R) /K.

We call this the modular space of level N. Let

K (N) = {g c G(]_[Z,,) ‘g =h (modN)}
p
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be the open compact subgroup of G(A ) of level N. Then the modular space of
level N can be written as

Y(N)ZGQ\GA)/KK f(N) = GQ\[H x (G(As)/K (N))].
Thus,
X(Kf(N))ZY(N).

Taking the projective limit over K ;(N) by letting N get large (which means
that K ;(N) gets small), we see that limy Y (N) = G(@Q)\[H x G(Af)]. Then the
(complex points of the) Shimura curve Sh(G) associated to G = SL(2) is defined

by
Sh(G)(C) = GQ\[H x G(Af)]. (6.3.3)

Many mathematicians have addressed the natural questions below.

o What field are the curves X (N), Xo(N) “naturally” defined over?
e How can they be described explicitly using algebraic equations?

Regarding the first question, from the general theory of Shimura varieties we know
that for each reductive group G defined over Q satisfying the axioms of Sect. 2.1.1
in [Del], there is an algebraic number field E = E over which a Shimura variety
Sh(G) is defined [Del]. In fact, the Shimura curves X (N) and Xo(N) are regular
schemes proper over Z[1/N] (more precisely, over Spec(Z[1/N1)).*

Regarding the second question, it is possible to find a modular polynomial
Hy (x, y) of degree

1
w(N) =Nl_[<1+ ;> (6.3.4)

pPIN

for which Hy (x, y) = 0 describes (an affine patch of) Xo(N). Let

G 2¢ (k 2(2’ il
k(@) =20(k) + 1),nzlak 1(q",

where g = ¢¥2 z € H, 0,(n) = > d’, and let

o0
Alg) =60°G4(g)® — 27-1402Ge()? =g [ [ (1 — ") ™.
n=1

4This result was essentially first proved by Igusa [Ig] (from the classical perspective). See also
[TV], Theorem 4.1.48, and [Casl] for an interesting discussion of what happens at the “bad
primes,” and Deligne’s paper in the same volume as [Cas1].
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Define the j-invariant by

J(q)=1728-60°G4(9)*/ A(q)
= g1+ 744 4+ 196884q + 214937604° + 8642999704° + - - - .

(More details on A and j can be found, for example, in [Shim] or [Kob].)
The key property satisfied by Hy is Hy(j(q), j(g")) = 0. It is interesting to
note in passing that when N is such that the genus of Xo(N) equals 0 (i.e.,
N e€{1,3,4,5,6,7,8,9,12,13, 16, 18, 25} [Kn]), then this implies that (x,y) =
(j(q), j(g"™)) parameterizes Xo(N). In general, comparing ¢-coefficients allows
one to compute Hy for relatively small values of N. (The SAGE command Cl as-
si cal Modul ar Pol ynoni al Dat abase() loads a database which allows one
to compute this expression.) However, even for N = 11, some of the coefficients
can involve one hundred digits or more. The cases N = 2, 3 are given, for example,
in Elkies [E1].

Example 182 The following SAGE commands which illustrate this require David
Kohel’s database dat abase_kohel be loaded first.?

SAGE

sage: C = O assi cal Modul ar Pol ynomi al Dat abase()

sage: f = (3]

sage: f

-] OA3*j 173 + 2232%j 0N3*j 172 + 2232%j 0A2%] 173 + j 074 \

- 1069956*j 073*j 1 + 2587918086*j 0"2*j 12 - 1069956*j 0*j 173\

+ j 174 + 36864000*j 03 + 8900222976000*j 072*j 1 + 8900222976000%j 0*j 172\

+ 36864000*j 1"3 + 452984832000000*j 0"2 - 770845966336000000*j 0*j 1\

+ 452984832000000*%j 12 + 1855425871872000000000*j 0 + 1855425871872000000000*j 1

This is basically (20) in [E1].

The paper by Cohen [Co] determines the asymptotic size of the largest coefficient
of Hy (normalized to have leading coefficient equal to 1). She shows that the largest
coefficient grows like N“(V) where ¢ > 0 is a constant, and . is as in (6.3.4). More
practical equations for (some of) the Xo(N) are given in Hibino and Murabayashi
[HM], Shimura [ShimM], Rovira [Ro], Frey and Miiller [FM], Birch [B], and Table
6.1 in Sect. 6.5 below.

For deeper study of Shimura varieties and the theory of canonical models, we
refer the reader to [Del, Lan2], and [Shim].

5Type opti onal _packages() for the name of the latest version of this database. This
loads both Gl assi cal Modul ar Pol ynomi al Dat abase and At ki nModul ar Pol ynonmi -
al Dat abase.
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6.3.2 Hecke Operators and Arithmetic on X (V)

In this section we recall some well-known though relatively deep results on
Xo(N)(GF(p)), where p is a prime not dividing N. These shall be used in the
discussion of the Tsfasman, Vladut, Zink, and lhara result later.

First, some notation: let S»(I9(N)) denote the space of holomorphic cusp forms
of weight 2 on IH(N)\H. Let T, : S2(I'o(N)) — S2(Ip(N)) denote the Hecke op-
erator defined by

p-1 .
T,£() = f(p2) + Zf(Z:l>, e H.

i=0
Define 7« inductively by

Ti=T

» pk—lTp — prk—Z, T, =1,

and define the modified Hecke operators U « by

Ui=T

p [,k—prk—Z, Up=Tp,

for k > 2. The Hecke operators may be extended to the positive integers by demand-
ing that they be multiplicative.

Theorem 183 (“Congruence relation” of Eichler-Shimura [Mo], Sect. 5.6.7, or
[St1]) Letg = p*, k > 0 an integer. If p is a prime not dividing N, then

Tr(T,) = p+1—|Xo(N)(GF(p))|.
More generally,

Tr(Ty — pT,,,2) =g +1—|Xo(N)(GF(g))|.

Example 184 One may try to compute the trace of the Hecke operators T, acting
on the space of holomorphic cusp forms of weight 2, So(I'H(N)), by using either
the Eichler—Shimura congruence relation, which we give below (see Theorem 183),
or by using some easier but ad hoc ideas going back to Hecke which work in spe-
cial cases. One simple idea is noting that S>(Ip(N)) is spanned by simultaneous
eigenforms of the Hecke operators (see, for example, Proposition 51 in Chap. I11 of
[Kob]). In this case, it is known that the Fourier coefficient a,,, p prime not dividing
N, of a normalized (to have leading coefficient a; = 1) eigenform is the eigenvalue
of T}, (see, for example, Proposition 40 in Chap. IlI of [Kob]). If S2(I5(NV)) is one-
dimensional, then any element in that space f(z) is such an eigenform.

The modular curve Xo(11) is of genus 1, so there is (up to a nonzero constant fac-
tor) only one holomorphic cusp form of weight 2 in S2(1p(11)) (see Theorem 186
below). There is a well-known construction of this form (see [02] or [Gel], Example
5.1), which we recall below. As we noted above, the pth coefficient a;, (p a prime
distinct from 11) of its Fourier expansion is known to satisfy a, = Tr(T},). These
will be computed using SAGE.
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Let g = €272, z € H, and consider Dedekind’s n-function,
) o0
n(z) = eZmz/Z4 1_[(1 _ qn).
n=1
Then

o
2 2
f@=n@*n(11)% [J(1-¢") (1 -q"")
n=1
is an element® of S»(I(11)). One can compute the g-expansion of this form using
SAGE’s Modul ar For ns( Ganma0( 11) , 2) command:

f@=q-2¢*—¢*+2¢* +¢°+24°-24"---.
SAGE

sage: M = Modul ar For ms( Garma0(11), 2)
sage: M g_expansi on_basi s(prec = 8)

[

g - 2*9*2 - g°3 + 2%QM4 + g5 + 26gR6 - 2¢ghT + O(gn8),

1 + 12/5%q + 36/5q"2 + 48/5*q"3 + 84/5*qh4 + 72/ 5*q5
+ 144/5*q"6 + 96/5*qr7 + O(q"8)

]

For example, the above expansion tells us that Tr(73) = Tr(Us) = —1. The curve
Xo(11) is of genus 1 and is isogenous to the elliptic curve C with Weierstrass model
y2 +y =x3 — x2. Over the field with p = 3 elements, there are | Xo(11)(GF(3))| =
p+1—Tr(T,) =5 points in C(GF(3)), including oo:

C(GF(3)) ={[0,0],[0, 2], [1,0],[1, 2], co}.

For this, one uses the SAGE commands

SAGE

sage: F = GF(3)

sage: P.<x> = Polynom al Ri ng(F, "x")

sage: f = x"3-x"2; h =1

sage: C = HyperellipticCurve(f, h)

sage: C.rational _points()

[(O: 0: 1), (O:121:0), (0:2:1), (1:0: 1), (1: 2: 1)]

B1n fact, if we write f(z) = 3.°°; a,q”, then
o1 s o1
te)=01-p) [ @—app™ +p"%)
p#11

is the global Hasse-Weil zeta function of the elliptic curve C of conductor 11 with Weierstrass
model y2 4+ y = x3 — x2 [Gel] (p. 252).
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Fig. 6.1 The elliptic curve 3
y2+y=x%—x%overR

-2.5 -2 -1.5 -1 -0.5 -0 0.5 1 1.5

A plot of the real points of this elliptic curve is given in Fig. 6.1.

For a representation-theoretic discussion of this example, see [Gel], Sect. 14.

For an example of an explicit element of S>(15(32)), see Koblitz [Kob] (Sect. 5
in Chap. Il and (3.40) in Chap. I1). For a remarkable theorem which illustrates how
far this n-function construction can be extended, see Morris’ theorem in Sect. 2.2 of
[Ro].

To estimate a ,«, one may appeal to an explicit expression for Tr(7,x) known as
the “Eichler—Selberg trace formula”, which we discuss next.

6.3.3 Eichler—Selberg Trace Formula

In this subsection, we recall the version of the trace formula for the Hecke operators
due to Duflo and Labesse [DL], Sect. 6.

Let k£ be an even positive integer, and let I" be a congruence subgroup as in
(6.3.2). Let S denote a complete set of representatives of G (Q)-conjugacy classes
of R-elliptic elements in I" (R-elliptic elements are those that are conjugate to an
element of SO(2, R), the orthogonal group). For y € S, let w(y) denote the cardi-
nality of the centralizer of y in I". If r(6) = ( cos(6) S'"(ez), then let 6, € (0, 27)

. —sin(®) cos(0)/ .
denote the element for which y =r(6,). Let 7, denote the image in G(A ) of the

set of matrices in GL(2, A y) having coefficients in 7= [1,<00Zp and determi-
nant in mZ. Consider the subspace S;(I") c L?(I"\H) formed by the functions f
satisfying

o fy)=(cz+d)ff)forally=(*")er xeH,
e f isaholomorphic cusp form.

This is the space of holomorphic cusp forms of weight & on H.
Let

|1, misasquare,
e(vm) = {0, otherwise,
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and let
1, i=j,
(3,"1' = { J

0, otherwise.

Theorem 185 (Eichler—Selberg trace formula) Let k > 0 be an even integer, and
m > 0 an integer. The trace of T, acting on Sx(I") is given by

k-1 1
Tr(Tn) =824 Y _b+e(v/m) (—m(“)/z - —m<“>/2>

e 12 2
_ Z w(y)_lm(k_Z)/ZSin(s(ikn(_el))ey)_ Z ph-1
yeSnt, Y d\m, d?<m

Remark 24 Letk =2, m = p?, I' = I3(N), and N — oo in the above formula. It
is possible to show that the Eichler-Selberg trace formula implies

Tr(T,2) = g(Xo(N)) + O(D) (6.3.5)
as N — oo. The proof of this estimate (see [Mo], Chap. 5, or [LvdG], Sect. V.4)
uses the explicit formula given below for g(Xo(N)) = dim(S2(1p(N)), which we

shall also make use of later.

Theorem 186 (Hurwitz—Zeuthen formula [Shim])” The genus of Xo(N) is given by

. 1 1 1
8(Xo(N)) = dim($2(To(N)) = 1+ 5w (N) = J12(N) = Zua(N) = oo (N),

where w is as in (6.3.4),

v orime(1+ (32)),  ged(@, N) =1,
N) = p|N prime I
m2(N) {O, 4N,
(V) { [Tpiv prime(L+ (52)),  ged(2, N) =1 and ged(9, N) #9,
0, 2|N or 9|N,

and
Hoo(N) =" ¢(gcd(d, N/d)),

d|N

where ¢ is Euler’s totient function, and (;) is Legendre’s symbol.

"The genus formulas for Xo(N) given in [Shim] and [Kn] both apparently contain a (typographical)
error. The problem is in the u2 term, which should contain a Legendre symbol (‘74) instead of
(7—11). See, for example, [Ei] for a correct generalization.
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Estimate (6.3.5) and the Eichler—Shimura congruence relation imply
| Xo(N)(GF(p?))| = p? +1—Tr(T)2 — pI)
=p?+1—Tr(T,2) + p - dim(S2(Io(N))
=p?+1— (¢(Xo(N)) + O)) + p - g(Xo(N))
=(p—Dg(Xo(N)) + 0(1) (6.3.6)

as N — oo.

6.3.4 Modular Curves X (N)

Let H denote the complex upper half-plane, let H* = H U Q U {oc}, and recall
that SL(2, Q) acts on H* by fractional linear transformations. Let X (N) denote the
modular curve defined over Q whose complex points are given by I"(N)\H*, where

F(N):{(j Z)eSLg(Z)}a—lzd—lzbzczmmod N)}.

Throughout this paper, we will assume that N is prime and N > 6. In this case,
the genus of X (N) is given by the formula

(N —6)(N?2 - 1)

For example, X (7) is of genus 3, and X (11) is of genus 26.
Let N be a prime, and, for j € Z/NZ, let y; be variables satisfying

yj+y-j=0,
(6.3.7)
YatbYa—bYerdYe—d + YateYa—cYd+bYd—b + YatdYa—dYb+cYo—c =0

forall a,b,c,d € Z/NZ. These are Klein’s equations for X (N) (see Adler [Al] or
Ritzenthaler [R1]).

Example 187 When N =7, this reduces to
Yiya = y3ys — y3m =0,

the famous Klein quartic.
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When N = 11, the 20 equations which arise reduce to the 10 equations

—y2y2y3 + y2yay2 + y3yays =0,
—y3ya+ y2y§ — ¥3y5 =0,
—y153 — y3ys +y3ya =0,

—y2y3y4 + y1y32 + ¥ yays =0,

—y2yays + y1y3y2 — ¥5y3ys =0,
Yiy2 — yayd — yiys =0,
y132 = ¥3y3 + y3ya =0,

—Y1Y5y4 + y1Y3y5 + y2y3y5 =0,
Y13 + y2y8 — y3y3 =0,

y1y2y3 + y1y4y2 — y2y3yZ = 0.

(.A)

The curve X (N) over a field k parameterizes pairs of an elliptic curve over k
and a subgroup of order N of the group structure on the elliptic curve. This can
be extended to fields of positive characteristic if X (N) has good reduction. Since
Klein’s equations have integer coefficients, they can also be extended to an arbitrary
field k. However, Velu [V] (see also Ritzenthaler [R3]) has shown that X (~) has
good reduction over fields of characteristic p where p does not divide N (in our
case, p # N, since N is itself assumed to be a prime).

Let

G =PSL2(Z/NZ) =T (1)/T (N),

where the overline denotes the image in PSL,(Z). This group acts on X (N). (In
characteristic 0, see [Shim]; in characteristic £ > 0, see [R1].) When N > 2 is prime,
|G|=N(N?-1)/2.

Definition 188 When X has good reduction to a finite field k£ and, in addition, the
characteristic ¢ of k does not divide |G|, we say that ¢ is good.

If k is a field of good characteristic, the automorphism group of X () is known
to be PSL(2, N) [BCG].

The action of G = SL2(Z/NZ) on the set of points of the projective curve defined
by Klein’s equations is described in [R1] (see also [A2, R2]). The element g =

(“5) € G sends (y)) jez/nz € X(N) 10 (0(2)y)) jez/nz € X (N), where

-2 : 2
Py = Y Pttty
teZ/NZ

with ¢ denoting a primitive Nth root of unity in k.
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Remark 25 When the formulas for the special cases p( °, &), p(51) and p(§ agl)
are written down separately, the similarity with the Weil representation for
SLo(Z/NZ) is striking (see also [A2]).

6.4 Application to Codes

In this section we discuss connections of our previous results with the theory of
error-correcting codes.

Assume that ¢ is a good prime. Also, assume that k contains all the character val-
ues of G and that k is finite, where k denotes the field of definition of the reduction
of X mod ¢. (The point is that we want to be able to work over a separable algebraic
closure k of k but then be able to take Gal(k/ k)-fixed points to obtain our results.)
We recall some background on AG codes following [JKT, JK1, JK2].

As an amusing application of our theory, we show how to easily recover some
results of Tsfasman and Vladut on AG codes associated to modular curves.

First, we recall some notation and results from [TV]. Let Ay = Z[¢y, 1/N],
where ¢y = ¢¥/N  let K denote the quadratic subfield of Q(¢x), and let By =
An N Ky. There is a scheme X (N)/Z[1/N] which represents a moduli functor
“parameterizing” elliptic curves E with a level N structure ay. There is a scheme
X p(N)/Z[1/N]which represents a moduli functor “parameterizing” elliptic curves
E with a “projective” level N structure By . If P is a prime ideal in the ring of inte-
gers Ok, dividing ¢, then the reduction of the form of X () defined over K, de-
noted X (N)/P, is a smooth projective absolutely irreducible curve over the residue
field k(P), with a PSLy(Z/NZ)-action commuting with the reduction. Similarly,
with X (N) replaced by X p(N). Recall from Sect. 4.1.3 of [TV] that

GF(?), (¢&)=P,

k(P) = {GF(Z), (&)= PP'.

Let Xy = Xp(N)/P, and let
Ui Xy = X)y/PSL2(Z/NZ) = P?

denote the quotient map. Let D, denote the reduced orbit of the point oo (in the
sense of Borne), so deg(Dw) = |G|/N. Let D = r Do, for r > 1. According to
[TV], in general, this divisor is actually defined over GF(¢), not just k(P). More-
over, deg(D) =r - (N2 —1)/2. Let E = P; + - -- + P, be the sum of all the super-
singular points of X/, and let

C=C(Xy.D.E)={(f(P1),..., f(Py)| feL(D)}

denote the AG code associated to X', D, E. This is a G-module, via (6.2.4). More-
over, choosing r suitably yields a “good” family of codes with large automorphism

group.
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In fact, if D is “sufficiently large” (so, D is nonspecial, and both ¢ and evalg are
injective), then the Brauer-character analogs of formulas in Joyner and Ksir [JK1]
give not only the G-module structure of each L(r Do), but that of C as well.

See also Remark 4.1.66 in [TV].

AG Codes Associated to X (7) We focus on the Klein quartic. We also use Elkies
[E1, E2] as general references.

Let F = GF(43). This field contains 7th roots of unity (¢7 = 41), cube roots of
unity (¢3 = 36), and the square root of —7 (take v/—7 = 6). Consider

4
gt 00 16 0 0
=10 4 0 |eMss@®),
0 0 4

and

@7 —a® /=T @2 =d/N=T &t =)/ —T
@? =) N=T (@* =)V =T (1 -%/v=T
G = eHIN=T G —-a®/N=T (=D /=T

11 37 39
=37 39 11]).

39 11 37

03

Elkies [E2] points out that the matrix expression for p3 in terms of roots of unity
can be found in Klein’s 1879 paper on (what is now known as) the Klein quartic.
It may be checked that these matrices preserve the form

d(x,y,2) =x3y+ 32+ 5x

over . They generate the subgroup G = PSL,(7) of order 168 in PGL(3, F). The
Klein curve x3y + y3z + z3x = 0, denoted here by X, has no other automorphisms
in characteristic 43, so G = Autp(X).

Let Do denote the reduced orbit of the point oo, so deg(Ds) = |G|/N = 24,
and let D =rDy. Let E = P + --- + P, denote the sum of the remaining F(P)-
rational points of X, so D and E have disjoint support.

If C is as in (6.2.2), then map ¢ in (6.2.4) is injective. Since evalg is injective
as well, the G-module structure of C is the same as that of L(D), which is known
thanks to the Brauer-character analog of the formula (6.7.1). See also Example 3 in
[JK1].
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The 80 points of X () are

{(0:1:0),(0:0:1),(1:0:0),(19:9:1),(36:9:1),(31:9:1),(19:27:1),
(1:38:1),(27:38:1),(15:38:1),(12:28:1),(38:28:1),(36:28:1),
41:1),(10:25:1),(20:25:1),(13:25:1),(20:32:1),(42:10:1),
10:1),(9:10:1),(40:30:1),(13:30:1),(33:30:1),(24:4:1),
36:1),(12:36:1),(6:36:1),(12:22:1),(14:23:1),(8:23:1),
23:1),(24:26:1),(37:26:1),(25:26:1),(23:35:1),(15:14:1),
14:1),(38:14:1),(33:42:1),(17:40:1),(4:40:1),(22:40: 1),
(5:34:1),(15:34:1),(23:34:1),(31:16:1),(40:15:1),(37:15:1),
(9:15:1),(37:2:1),(11:6:1),(39:6:1),(36:6:1),(31:18:1),(9:18:
(3:18:1),(10:11:1),(5:13:1),(24:13:1),(14:13:1),(5:39:1),
(41:31:1),(13:31:1),(32:31:1),(10:7:1),(14:7:1),(19:7:1),
(6:21:1),(17:17:1),(3:17:1),(23:17:1),(3:8:1),(25:24:1),
(16:24:1),(2:24:1),(20:29:1),(17:29:1),(6:29:1),(38:1:1)}.

(40:
35:
(25:
(21:
(33:

The orbit of (1:0:0) € X(IF) under G is the following set of 24 points:

{(1:0:0),(O:1:0),(0:0:1),(2:24:1),(3:8:1),(5:39:1),(8:23:1),
(9:18:1),(12:22:1),(13:30:1),(14:7:1),(15:34:1),(17:29:1),

165

D,

(19:27:1),(20:32:1),(22:40:1),(25:26:1),(27:38:1),(32:31:1),

(33:42:1),(36:28:1),(37:2:1),(39:6:1),(42:10:1)}.

SAGE

= Pol ynoni al Ri ng( GF(43),

X, y,Z
X = Curve(x"3*y + yr3*z + z"3*X)
X. ge

nus()

©inds =
[0,1,2,4,5,11, 15, 18, 23, 27, 29, 33, 37, 41, 44, 46, 54, 56, 60, 63, 67, 68, 74, 79]
:ninds = [i for i in range(80) if not(i in inds)]

:orbit = [pts[i] for i in inds];

3, 'xyz').gens()

: pts = X rational _points(al gorithn="bn")
: len(pts)

orbit
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(13 : 30 : 1),

(14 : 7 : 1),
(15 : 34 : 1),
(17 : 29 : 1),

(19 : 27 : 1),

(20 : 32 : 1),

(22 : 40 : 1),

(25 : 26 : 1),

(27 : 38 : 1),

(32 : 31: 1),

(33 : 42 : 1),

(36 : 28 : 1),

(37 : 2: 1),

(39 : 6 : 1),

(42 : 10 : 1)]

sage: supp = [ (1, pts[i]) for i in inds]
sage: D = X divisor(supp)

sage: basis = X rienmann_roch_basi s(D)
sage: |en(basis)

22

We evaluate each element of the Riemann—Roch space L(D) at a point in the
complement of the above-mentioned orbit in the set of rational points X (IF).

SAGE

sage: cfts = [[f(pts[i][O],pts[i][1],pts[i][2]) for i in ninds] for f in basis]
sage: G = matrix(cfts)

sage: C = LinearCode(Q; C

Li near code of length 56, dinmension 22 over Finite Field of size 43

With » = 1, we expect that C = C(X, D, E) is a [56, 22, 32] code.® With r = 2,
we expect that C = C(X, D, E) is a [56, 46, 8] code. Withr =3, C=C(X, D, E)
is a [56, 56, 1] code. In case r = 1, 2, evalg is injective, but when r = 3, it is not.
Indeed, dim L(3Dy,) = 70. In each case, the dimension of C can be computed using
SAGE (and Singular), but the minimum distance cannot.

Remark 26

o Indeed, it is known more generally that, for an AG code constructed as above
from a curve of genus g, n < dim(C) + d(C) + g — 1, where d(C) denotes the
minimum distance (Theorem 3.1.1 in [TV] or Lemma 189 in Sect. 6.5 below).
Therefore, as an AG code, the codes constructed above with » =1, 2 are in some
sense “best possible.”

e In general, Sect. 4.1 of [TV] shows how to construct a family of “good” codes
from the curves X = X/, for prime N > 5, with automorphism group G =
PSL(2, p).

81n other words, C has length 56, dimension 22 over F, and minimum distance 32.
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Table 6.1 Models of genus 1 modular curves

Level Discriminant Weierstrass model Reference

1 -1 V2 +y=x3-x? [BK], Table 1, p. 82

14 —28 Y24 xy—y=x° p. 391, Table 12.1 of [Kn]
15 15 Y2+ Txy+2y=x3+4x%+x p. 65, Table 3.2 of [Kn]
17 17 y2+3xy=x3+x p. 65, Table 3.2 of [Kn]
19 —-19 V4 y=x3+x2+x [BK], Table 1, p. 82

20 80 y2=x34+x2—x p. 391, Table 12.1 of [Kn]
21 —63 Y4 xy=x3+x p. 391, Table 12.1 of [Kn]
24 —48 y2=x3—x24x p. 391, Table 12.1 of [Kn]
27 —27 V2 +y=x8 p. 391, Table 12.1 of [Kn]
32 64 yi=x3—x p. 391, Table 12.1 of [Kn]
36 Sect. 4.3 in [Ro]

49 Sect. 4.3 in [Ro]

6.4.1 The Curves Xo(N) of Genus 1

It is known (see, for example, [Kn]) that a modular curve of level N, Xq(N), is of
genus 1 if and only if

N e {11,14,15,17,19, 20, 21, 24, 27, 32, 36, 49}.

In these cases, Xo(NN) is birational to an elliptic curve E having Weierstrass model
of the form

y2 +aixy +azy = x3 + a2x2 + asx + ag
with ai, ap, as, aa, ag. If E is of the above form, then the discriminant is given by
A = —b3bg — 8b3 — 27b% + 9bybsbe,
where

bz:ajz_+4a2, by = 2a4 + a1as, b5=a§+4a5,
_ 2 2 2
bg = afae + 2aa¢ — airazas + azaz — aj.

The conductor® N of E and its discriminant A have the same prime factors. Fur-
thermore, N|A [Kn, Gel].

Some examples, which we shall use later, are collected in Table 6.1.

When N = 36, Sect. 4.3 in Rovira [Ro] gives y? = x* — 4x% — 6x? — 4x + 1,
which is a hyperelliptic equation but not in Weierstrass form. When N = 49,

9The conductor is defined in Ogg [O1], but see also [Gel], Sect. 1.2, or [Kn], p. 390.



168 6 Codes from Modular Curves

Sect. 4.3 in Rovira [Ro] gives y2 = x* — 2x% — 9x2 4 10x — 3, which is a hy-
perelliptic equation but not in Weierstrass form.

6.5 Some Estimates on AG Codes

This currently is an active field of research. An excellent general reference is the
2010 survey paper by Li [Li]. The survey by Li also presents recent work of Elkies,
Xing, Li, Maharaj, Stichtenoth, Niederreiter, Ozbudak, Yang, Qi and others, with
more recent advances than described here. Below, some of the basic well-known
estimates are discussed.

Let g be the genus of a curve V = X, and let C = C(D, E, X) denote the AG
code as constructed above in (6.2.2). If C has parameters [n, k, d], then the follow-
ing lemma is a consequence of the Riemann—Roch theorem.

Lemma 189 Assume that C is as above and D satisfies 2¢g — 2 < deg(D) < n.
Then k =dim(C) =deg(D) — g + 1 and d > n — deg(D).

Consequently, k +d > n — g + 1. Because of Singleton’s inequality,® we have:

e if g =0, then C is an MDS code,
eifg=1thenn<k+d=<n+1

The previous lemma also implies the following lower bound.

Proposition 190 ([SS] Sect 3 1, or [TV]) With C as in the previous lemma, we
have8+R_—+ >1-—

Theorem 186 is an explicit formula for the genus of the modular curve Xq(N)
in terms of arithmetic data. Equation (6.3.6) is an estimate relating the genus of the
modular curve with its number of points over a finite field. It may be instructive to
plug these formulas into the estimate in Proposition 190 to see what we get. The
formula for the genus gy of Xo(N) is relatively complicated but simplifies greatly
when N is a prime number which is congruent to 1 modulo 12, say N = 1+ 12m, in
which case gy = m — 1. For example, g13 = 0. In particular, we have the following:

Corollary 191 Let X = Xo(N), where N is a prime number which is congruent to 1

modulo 12 and has the property that X is smooth over GF(q). Then the parameters
[n, k, d] of a Goppa code associated to X must satisfy

n n

10Recall Singleton’s bound: n > d + k — 1.
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Based on Proposition 190, if one considers a family of curves X; with increasing
genus g; such that

i IXiGF@)I _

i—00 8gi

o, (6.5.1)

one can construct a family of codes C; with §(C;) + R(C;) > 1 — % It is known that
a < ,/q — 1 (this is the so-called Drinfeld-Vladut bound, [TV], Theorem 2.3.22).

The following result says that the Drinfeld—\VIladut bound can be attained in the
case g = p?.

Theorem 192 (Tsfasman, Valdut, and Zink [TV], Theorem 4.1.52) Let gy denote
the genus of Xo(N). If N runs over a set of primes different from p, then the quo-
tients gn /| Xo(N)(GF(p?))| associated to the modular curves Xo(N) tend to the
limit 1.

p—1

More generally, if ¢ = p?*, then there is a family of Drinfeld curves X; over
GF(q) yielding « = /g — 1 ([TV], Theorem 4.2.38, discovered independently by
Ihara [I] at about the same time). In other words, the Drinfeld—Vladut bound is
attained in the case g = p%*.

As a corollary to the above theorem, if p > 7, then there exists a sequence of AG
codes Cy over GF (p?) associated to a sequence of modular curves Xo(N) for which
(R(Cy), 8(Cy)) eventually (for suitable large N) lies above the Gilbert-Varshamov
bound in Theorem 21. This follows from comparing the Gilbert—Varshamov curve

(8, f4(®).
-1
fq®)=1-35 Iogq(qT) -8 Iogq(a) —(1-95 Iogq(l —9),

: 1 _ 2
with the curve (3, J1)4=r

6.6 Examples

Let X be an elliptic curve. This is a projective curve for which X (GF(g)) has
the structure of an algebraic group. Let Py € X(GF(gq)) denote the identity. Let
P1, P>, ..., P, denote all the other elements of X (GF(q)), and let A = a Py, where
0 < a < nisan integer.

Example 193 Let X denote the elliptic curve of conductor 32 (and birational to
X0(32)) with Weierstrass form y2 = x3 — x. Let X (GF(p)) = {Po, P1, P>, ..., P},
where Pg is the identity, and let D =k Py forsome k >0, E=P1 +---+ P,. If p
is a prime satisfying p = 3 (mod4), then

|X(GF(p))|=p+1



170 6 Codes from Modular Curves

(Theorem 5, Sect. 18.4 in Ireland and Rosen [IR]). The parameters of the corre-
sponding code C = C(D, E, X) satisfy n = p and d + k > n, since g =1 by the
above proposition. As we observed above, an AG code constructed from an ellip-
tic curve satisfies either d + k — 1 =n (i.e., is MDS) or d + k = n. The result of
Shokrollahi below implies that if, in addition, p > 3 or k£ > 2, then C is not MDS,
and

n=p, d+k=p.

The following result is an immediate corollary of the results in [Sh1], see also
Sect. 5.2.2in [TV].

Theorem 194 (Shokrollahi) Let X, Py, P1,..., Py, D, E, be as above.

e Ifa=2and X(GF(g)) = C2 x C2 (where C,, denotes the cyclic group of order
n), then the code C = C(D, E) is an [n, k,d]-code (n is the length, k is the
dimension, and d is the minimum distance) with

d=n—k+1 and k=a.
e Assume that gcd(n, a!) = 1. If a # 2 or X (GF(gq)) is not isomorphic to the Klein
four group C2 x C2,then C = C(D, E) is an [n, k, d]-code (n is the length, k is
the dimension, and d is the minimum distance) with

k=a

and weight enumerator polynomial (see, for example, [MS] for the definition)
a—1 n - -
We (o) =" + 2(1.)@1 ~ D =D + Balx = )%,
=

where B, is given in [Sh1] and Sect. 3.2.2 in [TV].

6.6.1 The Generator Matrix (According to Goppa)

This section uses the method of Goppa’s book [G1] to compute the generator matri-
ces of some AG codes.

Example 195 Consider the hyperelliptic curve* X defined by y? = x? — x over the
field GF(p) with p elements. It is easy to see that

X(GF(p)) ={ P, (0,0),(1,0),....(p— 1,0}

Iwhen p = 3 it is a model of a modular curve of level 32 (see Table 6.1). When p = 7 this
example arises in the reduction of X (7) in characteristic 7 [E2].
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has exactly p + 1 points, including the point at infinity, P». The automorphism
group of this curve is a twofold cover of PSL(2, p) (see Gbb [Go] for the alge-
braically closed case).

Consider, for example, thecaseof p=7.Let D=mPyand E = Py +---+ Py,
and let C denote the one-point AG code associated to X/GF(7) and these divisors
D, E. These codes give rise to MDS codes in many cases.

When m = 2, we obtain a [7, 2, 6] code with weight enumerator 1 + 42x% + 6x'.
This code has automorphism group of order 252 and permutation group of order 42.
When m = 4, we obtain a [7, 3, 5] code with weight enumerator 1+ 126x° + 84x6 +
132x". This code has the same automorphism group and permutation group. It has
the generator matrix in standard form

10
G=\|0
0 015521

[
o o
=N
o1 o
(G20 o
N o1

SNS—

and check matrix

56 2 100 0
y_l2 220100
=16 2500 10

2560001

The method used in Goppa’s Fermat cubic code example of [G1] (pp. 108-109)
can be easily modified to yield analogous quantities for certain elliptic Goppa codes.

Example 196 Let X denote the elliptic curve (of conductor N = 19) which we write
in homogeneous coordinates as

yzz + yz2 =x3+x%z+x72
Let ¢(x,y,z) = x> + y% + z2, let Y denote the projective curve defined by
¢(x,y,z) =0, and let D denote the divisor obtained by intersecting X and Y. By

Bezout’s theorem, D is of degree 6. A basis for £(D) is provided by the functions
in the set

Bp={1,x%/p(x,y,2), y*/¢(x,y.2). 22/ (x.y.2). xy/$(x,y.2). y2/$(x, ¥, D)}

(This is due to the fact that dim £(D) = deg(D) = 6 and the functions f € Bp
“obviously” satisfy (f) > —D.) We have

X(GF(7) ={[0,0,1],[0, 1,01, [0, 1,6],[1,0,2],[1,0,4], [1, 3,4],[1, 3, 6],
[1,5,2],[1,5, 6]},
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which we write as Py, Py, ..., Py. Consider the matrix

cooroo
coocor o
OO Rr RO
NOODMOR
rROONOPR
ROIWNN PR
ORWRNR
NWOD AR
oONUIF AR

The first row of G gives the values of x2/¢(x, y,z) at {P;|1 <i < 9}. The other
rows are obtained similarly from the other functions corresponding to the basis el-

ements of £(D): y2/¢(x,y,2), 22/d(x,y,2), xy/d(x,v,2), yz/d(x,y,z). Per-
forming Gauss reduction mod 7 puts this in canonical form:

1000000 4 4
010000G®60O0 6
o_|001000134
=looo0o 1006 16|
000010135
000001144

s0 this code also has minimum distance 3 and hence is only 1-error correcting. The
corresponding check matrix is

|

An example of the generating matrix of a one-point elliptic code associated to
x3 4 y3 =1 over GF(4) has been worked out in several places (for example, see
Goppa’s book mentioned above or the books [SS], Sect. 3.3, [P], Sects. 5.3,5.4, 5.7,
and [Mo], Sect. 5.7.3).

wwo
— OPF
wWwhADN
= oK
N BN
W wnN
OO
o O
OO

6.7 Ramification Module of X (V)

The following result is due to Joyner and Ksir [JK1]. We use the notation of (6.1.1)
and of the appendix Sect. 7.5 below.

Theorem 197 We have the following decomposition of the ramification module:

fo=) mz(N)m,

where m, (N) is an explicit multiplicity which satisfies % <mz(N) < 5TN forall N.

The formula for m, (N) is, though explicit, fairly complicated and will not be
stated here (see [JK1] for details).
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Open Problem 31 Suppose that X is a smooth projective curve with (a) genus
greater than 1, (b) automorphism group G, and (c) defined over a field F with “bad”
characteristic p (that is, p divides the order of G). Is there an analog of Theorem
197?

Is there an F[G]-module decomposition of an arbitrary AG code analogous to
(6.1.1)?

If I'c has a Q[G]-module structure, it may be computed more simply. In this
case, the formula for it is

rs=p [i(dimn — dim(nHz))%}z, (6.7.1)

reG* L{=1

where {Hj, ..., H} represent the set of conjugacy classes of cyclic subgroups of
G [JK2]. If Iz does not have a natural Q[G]-module structure, then the situation is
more complicated, and we refer the reader to[JK1] for more details.

This motivates the following, as stated in the introduction.

Theorem 198 For N > 5 prime, the ramification module of X (N) over X (1) has
a natural Q[G]-module structure if and only if N =1 (mod 4).

In this case, we can use formula (6.7.1) to compute the ramification module di-
rectly from the restricted representations (for details, see [JK1]). If N =3 (mod 4),
the situation is more complicated, but we refer to [JK1] for details.

6.7.1 Example: N =7

The texts Fulton and Harris [FH] and Serre [Se2] are good general references for
(complex) representations over finite groups.

The computer algebra system [GAP] computes information about PSL(2, N);
one can use it to compute character tables, induced characters, and Schur inner
products (the computations can also be done in SAGE). In the examples of X (7)
and X (11) below, we use (6.1.1) to explicitly compute the G-module structure of
the ramification module and some Riemann—Roch spaces in the case N =7.

The equivalence classes of irreducible representations of PSL(2,7) are G* =
{m1, 72, ..., g}, Where

dim(m) =1, dim(mp) =dim(m3) =3, dim(my) =6,
dim(ms) =7, dim(mg) = 8.
Let ¢ = e@, and let Q(g) denote the (quadratic) extension of Q by ¢ =
¢+ ¢% 4 ¢* Let G denote the Galois group of Q(g)/Q. Then G acts on the irre-

ducible representations G* by swapping the two three-dimensional representations
and fixing the others.
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There are four conjugacy classes of nontrivial cyclic subgroups of G, whose
representatives are denoted by Hy (order 2), Hy (order 3), Hs (order 7), Hy (order 4).
We use GAP to compute the induced characters:

o If 61 € HJ, then my, = Ind,?_,1 61 is 84-dimensional. Moreover,

~

{ 2 @ 273 @ 274 D Ams @ 4, 01#1,
T, =

T D o @ 3 D 4y D 3ns D dmg, 61 =1.
o If 6, € Hy, then 75, = Indf, 6, is 56-dimensional. Moreover,

. 2 ® 3 B 274 @ 275 @ 37me, 0, # 1,
2 | m @7 @ 13 @ 274 @ 375 B 276, Op = 1.

o If 03 € H3 is a fixed nontrivial character, then g, = Indg3 03 is 24-dimensional.
Moreover,

3 ® 74 ® 715 ® e,  k quad. nonres. (mod 7),
Ty E s ® s Pre, kquad. res. (mod 7),
71 @ 75 P 2716, k=0 (mod 7).

This data allows us to easily compute the ramification module using equations in
[JK1]:

[[6] =372 ® 4m3 ® 6714 © Tris © 876 (6.7.2)

Note that this is not Galois-invariant, because 7> and 73 have different multi-
plicities. A naive computation of the ramification module, using (6.7.1), yields the
following. For brevity, we represent m1[m1] + - - - + mg[mg] as (m1, ..., mg). We
compute, using GAP, the quantities

(dimz —dim(z ™)),  =(1,3,3,6,7.8) — (1,1,1,4,3,4)=(0,2,2,2,4,4),
(dimx — dim(z "2))
(dimx — dim(z "))

™)

(dimz — dim(z ")

16=(,33,6,7,8-(1,1,1,23,2)=(0,2,2,4,4,6),
16= 1,3,3,6,7,8)—(1,0,0,0,1,2) = (0, 3, 3,6, 6, 6),

i16=(1,3,3,6,7,8 -(1,1,1,2,1,2)=(0,2,2,4,6,6).
Combining this with Ry = R; = R3 =1 and R4 =0in (6.7.2) gives
~ ° u . . Hony Re
[Ic]= [@ |:Z(d|mm —dim(m, ‘))?:|m:|

i=1L¢=1

1 1 1
= (07 27 25 2747 4)5 + (Oa 25 274747 6)5 + (05 39 37 67 65 6)5

0
+(0.2.2,4,6,6);
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=(0,7/2,7/2,6,7,8)
7 7
= 5[772] + E[m] + 6[m4] + 7[ms] + 8[76].

This is impossible, and therefore we see that I'; does not have a Q[G]-module
structure in this case.

Now we will use GAP to compute the equivariant degree and Riemann—-Roch
module for some example divisors. Any effective G-invariant divisor on X (7) will
be nonspecial. Since X (1) is genus zero, for N = 7, Borne’s formula (6.1.1) be-
comes

[L(D)] = [m1 ® 32 ® 373 @ 64 ® 7715 @ Bre] + [deg,, (D)] — [IG]
= [m1 @ 32 & 373 674 @ 775 B 8re] + [deg,, (D)]
— 3[m2] — Alms] — 6[ma] — 7[ws] — 8[e]
= [1] — [3] 4 [deg,, (D)].
If D1 is the reduced orbit of a point with stabilizer Hy, then
[deg,,, (D1)] = 6,1 = [272 @ 273 @ 2714 & 475 B 4716]
and
[L(D1)] =71 @ 212 ® 73 ® 274 B 4715 D 4715).
If D5 is the reduced orbit of a point with stabilizer H>, then
[deg,,, (D2)] = [76,] = [72 @ 73 & 2714 & 275 ® 3re],
[deg,, (2D2)] = [274,] = [2702 @ 2713 ® 44 ® 4715 © 66,
and
[L(D2)] = [m1 & 72 ® 2714 ® 275 ® 376],
[L2D2)] = [711 @ 2712 ® 713 ® 47s © 45 @ 6761,
If D3 is the reduced orbit of a point with stabilizer Hs, then
[deg,, (D3)] = [gy-1]= 73 © 74 ® 75 D 6],
deg,, (2D3)| = 2[73 © 74 © 75 ® 761,
= [72 + 273] + 3[4 & 75 @ 761,

[ ]

[ ]

[degeq (4D3)] = [7r2 + 3m3] + 4[4 & 75 D 6],
[deg,, (5D3)] = [272 4 373] + 5[74 & 75 @ 7],
[ ]

degeq (6D3) | = [37m2 + 373] + 6[74 B 715 D 76 ].
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It follows that

[L(D3)] = [m1] — [7r3] + [713 @ 714 ® 705 D 76] = [171 B 714 D 715 D 76 ],
which is of dimension 22, and
[L(2D3)] = [r1] — [73] + 2[7r3 @ 714 & 715 D 76] = [711 D 73] + 2[4 D 75 D W56,

which is of dimension 46.



Chapter 7
Appendices

7.1 Coding Theory Commandsin SAGE

SAGE is a mathematical software package similar to the “big Ms” (Maple, Mathe-
matica, Magma, and Matlab) but free and open source. Download information and
manuals are available at http://www.sagemath.org/. In particular, there is an excel-
lent tutorial at http://www.sagemath.org/doc/tutorial/ (available online as a down-
loadable pdf).

SAGE has both a command-line interface (CLI) and a graphical user interface
(GUI). For the CLI, you type in each command at a SAGE prompt sage: and hit
return. For instance, the examples in this text have used the CLI. You can try out
the SAGE GUI (sometimes called the “SAGE notebook™) online at the webpage
http://www.sagenb.org.

Included, among other things, in SAGE is the group theory package GAP. In
addition, SAGE has many optional packages which are easy to load (if you are on-
line) using SAGE’s i nst al | _package command. For example, GUAVA, GAP’s
coding theory package, can be easily installed into SAGE using the command i n-
stal | _package(gap_packages) . All of GUAVA’s functions can then be ac-
cessed within SAGE.

D. Joyner, J.-L. Kim, Selected Unsolved Problems in Coding Theory, 177
Applied and Numerical Harmonic Analysis,
DOI 10.1007/978-0-8176-8256-9_7, © Springer Science+Business Media, LLC 2011
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Selected SAGE commands in coding theory:

General Li near Code, Li near CodeFr onCheckMat ri x

constructions Li near CodeFr onVect or space
Randonli near Code

Coding theory spectrummi ni num di st ance

functions (general) characteristic_function,binon al _nonment

gen_mat , check_mat, decode

bi nom al _nonent, chi nen_pol ynomni a
st andar d_f or mdi vi sor, genus
random el enent, redundancy_matri x
support,wei ght _enuner at or
zeta_pol ynom al ,zeta_function

Code constructions dual _code, ext ended_code
di rect _sum punctured, short ened
per mut ed_code, gal oi s_cl osure

Coding theory is_self_dual,==

functions (boolean) i s_sel f_orthogonal ,i s_subcode
i s_pernutati on_aut onor phi sm
i s_gal oi s_cl osed

Most of these functions are accessed using the following type of syntax.

SAGE

sage: C = Hammi ngCode(3, GF(2)); C

Li near code of length 7, dinension 4 over Finite Field of size 2
sage: C. weight_enunerator()

XAT + TEXM4*yA3 + T*XA3*yA4 + yAT

sage: C.is_self_dual ()

Fal se

sage: C. dual _code()

Li near code of length 7, dinmension 3 over Finite Field of size 2

Roughly speaking, most lower-case commands, such as dual _code, are “meth-
ods” which are accessed by applying them to an object, such as C, using the “.”
operator. If you have any question about the syntax, use SAGE the help system. For
example, by typing Hanm ngCode? or C. dual _code?, you will see displayed
a page which briefly explains the syntax and gives an example of its use. If you are
online, you can also usually type “HammingCode sagemath” (without the quotes)
into googl e to get a link to the online SAGE webpage for the reference manual for

the command you want information on.
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Coding theory  nodul e_conposi tion_factors
functions (group per nut ati on_aut onor phi sm_gr oup
theoretical)

Coding theory  assnus_natt son_desi gns
functions
(combinatorial)

Special Bi nar yGol ayCode, Ext endedBi nar yGol ayCode
constructions Ter nar y&ol ayCode, Ext endedTer nar yGol ayCode
Cycl i cCodeFr ontener at i ngPol ynomi al (=Cycl i cCode)
Cycl i cCodeFr ontCheckPol ynoni al , BCHCode
Duadi cCodeEvenPai r, Duadi cCodeCQddPai r
Hanmm ngCode, Quadr at i cResi dueCodeEvenPai r
Quadr at i cResi dueCodeQddPai r, Quadr at i cResi dueCode
Ext endedQuadr at i cResi dueCode, ReedSol onbnCode
sel f _dual _codes_bi nary
Tori cCode, Wl shCode

Code bounds best _known_l i near _code_www, bounds_mi ni num di st ance
codesi ze_upper _bound(n, d, q), di mensi on_upper _bound(n, d, q)
gi | bert _| ower _bound(n, q, d), pl ot ki n_upper _bound(n, q, d)
gri esmer _upper _bound(n, g, d), el ias_upper_bound(n, q, d)
hanm ng_upper _bound(n, q, d), si ngl et on_upper _bound(n, q, d)
gv_info_rate(n,delta,q),gv_bound_asynmp(delta,q)
pl ot ki n_bound_asynp(delta, q),elias_bound_asynp(delta,q)
hanm ng_bound_asynp(del ta, q), si ngl et on_bound_asynp(del ta, q)
nrrwl_bound_asynp(delta, q)

e SAGE also includes a database of all self-dual binary codes of length < 20. The
main function is sel f _dual _codes_bi nary, which is a case-by-case list of
entries, each represented by a Python dictionary. See also Sect. 7.3 below.

e SAGE can now compute automorphism groups of binary linear codes very effi-
ciently, thanks to work of Robert Miller [M1]. Thomas Fuelner has worked hard
on extending this programming to much more general cases.

e A lot of work on the classification of doubly even self-orthogonal codes using
SAGE can be found at http://www.rImiller.org/de_codes/.

7.2 Finite Fields

Probably this section is redundant, given that most readers can be assumed to be
familiar with the basic constructions and results presented here. However, it is pro-
vided for convenience in case a standard reference such as Lidl and Niederreiter
[LN] is not easily accessible.

The usual “alphabet” of a code is GF(2) = {0, 1}, which we can regard as a field
with two elements. Mathematically, it is often no harder to replace this alphabet with
any finite field, so this section introduces some terminology and background about
constructing finite fields. For details, see, for example, [MS].

The prime fields: If p > 2 is a prime, then GF(p) denotes the field Z/pZ with
addition and multiplication performed mod p.
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The prime power fields: Suppose that ¢ = p” is a prime power, » > 1, and put F =
GF(p). Let F[x] denote the ring of all polynomials over IF, and let f(x) denote a
monic irreducible polynomial in F[x] of degree r. The quotient E =F[x]/(f (x)) =
Flx]/f (x)F[x] is a field with ¢ elements.! If f(x) and E are related in this way,
we say that f(x) is the defining polynomial of E. Any defining polynomial factors
completely into distinct linear factors over the field it defines.

All finite fields arise from one of the above two constructions. Up to isomor-
phism, for each r > 1, there is only one field of order ¢ = p”. This field will be
denoted GF(g).

For any finite field I, the multiplicative group of nonzero elements F* is a cyclic
group. An o € IF is called a primitive element if it is a generator of F*. A defining
polynomial f(x) of IF is said to be primitiveif it has a root in IF which is a primitive
element.

Matrix Representation Let E denote a field extension of the finite field IF. Each
nonzero element of E may be represented as an invertible matrix with entries in IF.
Here is how. Let o € [E denote a generator of the cyclic group E*. Let f(x) denote
the minimal polynomial of « (the lowest degree monic polynomial in F[x] which
has « as a root). Take the matrix associated to «, denoted A, to be the companion
matrix of f(x) (so the characteristic polynomial of A is f). If the degree of f(x)
is m, then A is an m x m matrix with coefficients in F (and the degree of E/F is
m). If B € E denotes any other nonzero element, then we can write 8 = o for some
i (because E* is a cyclic group). Take the matrix associated to g to be B = A,
The matrix associated to 0 € E will be the m x m zero matrix. Therefore, there is a
representation

o:EX — Aut]F(IE"")
induced by this action of the field E acting on itself, regarded as (an F-vector space
identified with) .

Example 199 Taking F = GF(2) and [E = GF(16) with defining polynomial f(x) =
x% + x3 + 1, we can represent the nonzero elements of GF(16) as the following 15
matrices using powers of the first matrix:

Lintuitively, one may think of F[x] as an analog of Z, f(x) as an analog of a prime p, and

F[x]/f (x)F[x] as an analog of Z/ pZ.

0001 0011 0111 1111
1000 0001 0011 0111
0100 1000 0001 0011
0011 011 1| |1111] [1110]
(1110 1101 [r010] [010 1]
1111 1110 1101 1011
0111 1111 1110 0101
(1101 1010 [0101] |[1 10 0]
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cCoRr R
oOr r o
R, oo
oo o
oOr r o
m Rk oo
oo opr
cocor o
P, oo
co o
cor o
or oo

O O O R = O
|

O OO P OO

[N el i) O O P
oOPFrr OO Ok kPO

Of course, matrix addition and multiplication corresponds to addition and multipli-
cation of the corresponding field elements.

Conway Polynomials There is no canonical choice of GF(g), but there is a
“good” choice: take f(x) to be the Conway polynomial over GF(p) of degree r.
This is the default finite field currently constructed by SAGE, GAP, and MAGMA.

We reproduce the definition on Frank Libeck’s Conway polynomials web page
[Lu], which we refer to for further details and references.

A standard notation for the elements is given via the representatives 0, ..., p —1
of the cosets modulo p. We order these elements by 0 <1 <2 <--- < p —1.
We introduce an ordering of the polynomials of degree r over GF(p). Let g(x) =
grx"+ -+ goand h(x) = h,.x" +-- -+ ho (by convention, g; = h; =0 fori > r).
Then we define g < & if and only if there is an index k with g; = h; for i > k and
(=1 gr < (=1 Fhy.

The Conway polynomial f, ,(x) for GF(p") is the smallest polynomial of degree
r with respect to this ordering such that;

e fp.r(x) is monic,

o fp(x) is primitive, that is, any zero is a generator of the (cyclic) multiplicative
group of GF(p"),

e for each proper divisor m of r, we have that fp,m(xw?’—l)/(p’”—l)) =0
(mod f, (x)); that is, the (p” — 1)/(p™ — D)th power of a zero of f, ,(x) is
azero of fp ,u(x).

Example 200 With p =2 and r =1, we have fo1(x) =x —1=x + 1, as there
is no other choice. Also, with p =2 and r = 2, we have f22(x) = x2 4+ x + 1.
Again, there is no choice, but note that x% + x + 1 divides fp 1 (x?"~D/(P" =Dy =
f2.1(x%) = x3—1, as is required in the last condition above.

These polynomials are not easy to compute, but the fields F; = GF(p), F2 =
GF(p?), ... constructed from a sequence

fp,rl’ fp,rz’ fp’r3, ... withr; |rit1

have “nice” embedding properties.
Sounds complicated, but actually these fields are very easy to deal with using
SAGE or Guava, GAP’s error-correcting codes package [Gul].
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SAGE

sage: conway_pol ynom al (2, 1)
X +1

sage: conway_pol ynom al (2, 2)
Xx"2 + x + 1

sage: conway_pol ynom al (2, 3)
x"3 +x +1

sage: conway_pol ynomi al (2, 4)
XM+ x + 1

sage: conway_pol ynoni al (11, 4)
XN+ 8*x"2 + 10*x + 2

7.3 Tables of Sdf-dual Codesin SAGE

Tables of self-dual codes of small characteristic and short length are included, for
example, in [HP1], Chap. 9. SAGE also includes a database of all self-dual binary
codes of length < 20. The main function issel f _dual _codes_bi nary, which
is a case-by-case list of entries, each represented by a Python dictionary.

Format of each entry: a Python dictionary with keys

order autgp, spectrum code, Conment, Type, where

code—a self-dual code C of length n, dimension n/2, over GF(2),
or der aut gp—order of the permutation automorphism group of C,
Ty pe—the type of C (which can be “I” or “I1”, in the binary case),
spect r um—the spectrum [Ag, A1, ..., A,],

Comment —possibly an empty string.

In fact, in Table 9.10 of [HP1], the number B, of inequivalent self-dual binary
codes of length n is given:

10 12 14 16 18 20 22 24 26 28 30
2 3 4 7 9 16 25 55 103 261 731

n | 2 4 6 8
B, | 1 1 1 2
According to an entry in Sloane’s Online Encyclopedia of Integer Sequences,
http://www research.att.com/~njas/sequences/A003179, the next two entries are:
3295, 24147.

SAGE

sage: C = self_dual _codes_bi nary(10)["10"]

sage: C["0"]["code"] == C["0"]["code"].dual _code()
True
sage: C["1"]["code"] == C["1"]["code"]. dual _code()
True

sage: len(C keys()) # nunber of inequiv sd codes of |length 10

sage: C = self_dual _codes_binary(12)["12"]
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sage: C["0"]["code"] == C["0"]["code"].dual _code()
True
sage: ("1"]["code"] == C["1"]["code"]. dual _code()
True
sage: (["2"]["code"] == C["2"]["code"].dual _code()
True

These SAGE commands simply show that the two inequivalent self-dual binary
codes of length 10 and the two inequivalent self-dual binary codes of length 12 are
indeed self dual.

A lot of work on the classification of doubly even self-orthogonal codes using
SAGE can be found at http://www.rImiller.org/de_codes/.

The number of permutation equivalence classes of all doubly even [n, k]-
codes is shown in the table at http://www.rimiller.org/de_codes/, and the list
of codes so far discovered is linked from the list entries. Each link on that
webpage points to a Sage object file, which when loaded (e.g., sage: L =
| oad(’ 24_12_ de_codes. sobj ') ) isa list of matrices in standard form. The
algorithm is described in [M2].

7.4 Proofs

7.4.1 MacWilliam’s | dentity

Theorem 201 (MacWilliams’ identity) If C isalinear code over GF(gq), then

Aci(x,y)=ICI Ac(x + (g — Dy, x —y).

Before proving this, recall the complete weight enumerator,

We(zo, ..., 2g— 1)—ZZSO(C) : Yq 1(6) ZT ($)zg - ;q i,

ceC seZ4

defined in (2.1.1). Sometimes, when it is convenient, we identify? the variables z;
with the variables z,, . This enumerator is related to the Hamming weight enumera-
tor as follows:

Acx,y)=Wc(x,y,...,y).

Let {1, o, a?, ..., ™} denote a power basis of GF(q)/GF(p). Let ¢ = ¢,
e?™/P denote a pth root of unity. If B, y € GF(q) are written 8 = o+ pra+--- +

2Recall that we have indexed the finite field GF(g) in some fixed way: GF(g) =
{wo, w1, ..., wg—1} With wg =0.
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Bm—1e™tand y =yo+ y1e + -+ + ym—12™ "1 (B; € GF(p), y; € GF(p)), then
we define the character g : GF(g) — C* by

xp(y) = é‘ﬁOVO+"'+ﬁq—qu—l

Each character x of GF(g) is of this form, x = x, for some unique g € GF(g). In
particular,

x1(y) =g
for all y € GF(q) (hence also for y € GF(p)). For u, v € GF(q)", define
Xu(v) = x1(u - v),

and define the Fourier transform by

fay=" " xu@fw)

veGF(g)"

for any function f on GF(¢)". Ifu = (u1, ...,u,) € GF(¢g)" and v = (v1, ..., v,) €
GF(g)", then x,(v) = [17_; xu; (vi) This means that if f(u) =T[]_; fi(u;) is a
“factorizable” function, then

fay=T] fiu).
i=1

Lemma 202 (Poisson’s summation formula) If C is an [n, k] code over GF(g),
then

1
D o= Tl Y f.

cect ceC
Now we can start with proof of the MacWilliams identity. Define

so(u) sq—1(u)
Su)= SRS

SO
fa)y=z3" ;‘fil—l_[fl(u)

where sx; = 1 if u; = wy and = 0 otherwise. Another way to define f(u) is as
follows:

f@y =TTz =]] i
i=1 i=1
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We then have

fay=">" xu@fw)

veGF(q)"

= Hfi(ui)
i—1

= l_[(Fq -(z0y -+ -, qul))l-v
i—1

where F, is a ¢ x g circulant matrix of elements of GF(¢), and (F; - z); denotes its
ith component:

(Fq (205 ..+, Zq—l))i = Z Yo (0)Ze = Z X1(@iw)ze.

weGF(q) weGF(q)

Poisson’s summation formula implies

1
—Wc (Fq -(z0y .. -, Zq—l))-

Weilzo, ... 2q-1) =

Letx =zpand y =z3 =--- =z4_1. It remains to note that
g1 .
_Jg—-1 ifa=0,
;X“(b)— {—1 ifa 0.

7.4.2 Mallows-Sloane-Duursma Bounds

We sketch a proof of Theorem 91 following Duursma [D3]. We shall restrict to the
Type 1 case for simplicity. (The Type 2 case is similar, but follow modifications as
indicated in [D3], Sect. 2.) We shall also assume that F contains the term y” (the
analog of the assumption that C contains the all-ones codeword).

Some notation. If p(x, y) € C[x, y], then we define

(x, (D) = (i i)
Py AT ay /)
If o is any invertible 2 x 2 matrix and («, v) = (x, y)o, then
p((u, v)o")(D)F(u,v) = p(x, y)(D)F((x, y)o). (7.4.1)

Lemma 203 Fix a homogeneous function f(x,y). For all i with 1 <i <e,
let a; #0, b;, ¢; #0, and d; be complex numbers satisfying (a;x + b;y)™ |
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(cix +diy)(D) f(x, y) for someinteger m > 1. Then

(ﬂ cix +d,-y> (D) f(x, y).

i=1

e
[ J(aix +biyym=tt
i=1

Note: This implies the result that Duursma claims in [D3], (5) (where his equa-
tion, in his special case, has m = d+ — 1 and e = ¢).

Proof Using (7.4.1), we may assume without loss of generality that d; = 0 for
all i after making a suitable linear change of coordinates. Under the coordinate
transformation z = x/y, f(x, y) may be regarded as a polynomial F(z) on PL. If
f(x,y)=xky"=k then F(x) = z¥, and an explicit calculation allows one to check
that D, f(x, y) corresponds to D, F(z).

The hypothesis (a;x + b; y)™ | (c;x)(D) f (x, y) can be rephrased as saying that
the derivative of F has roots of multiplicity m at certain points. Therefore the eth-
order derivative of F gives a function which has zeros at these points of order at
leastm — e + 1. O

Let F be any virtually self-dual weight enumerator of length » and minimum
distance d.
Note that if F' is as above, then

YT Y(D)F(x, y). (7.4.2)
Equations (7.4.1) and (7.4.2) imply
- )" ((g — Du — v)(D)F (u, v).
Taking u = x and v = ¢y, we have
@ =N ((g = Dx = Ly)(DIF (x, y).

By Lemma 203, this implies

(x” = )P ((q = DPxP = Y)Y (D)F (x, y). (7.4.3)

Using (7.4.2) and (7.4.3) and reasoning similar to that used in the proof of
Lemma 203, we obtain

a(x,y) | p(x, y)(D)F(x,y),

where a(x, y) = y/"" 71 ” — ") L and p(x, y) = y((g — 1)’x” — y"). Com-
paring highest-order terms in y in p(x, y)(D)F(x, y) (recall that we assumed that
F contains y"), we obtaind —b—1+b(d —b—1) < n—>b—1. From this (4.3.1) fol-
lows in the Type 1 case. This is the first part of Theorem 91. The second part follows
from the first by using properties of the greatest integer function in a straightforward
way. U
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7.5 Ramification M odule and Equivariant Degree

This appendix recalls some terms for completeness. See [JK2] or [Bo] for further
details.

Let X be a smooth projective curve of genus > 1 defined over an algebraically
closed field k with automorphism group G.

For any point P € X (k), let G p be the decomposition group at P (i.e., the sub-
group of G fixing P). If char(k) does not divide |G|, the quotient7 : X — Y = X/G
is tamely ramified, and this group G p is cyclic. G p acts on the cotangent space of
X (k) at P by a k-character. This character is the ramification character of X at P.

The ramification module is defined by

EP—l
rg= Y Indg, < > engf)),
PeX (k) ram =1

where ep is the size of the stabilizer group, and vp is the ramification character
at P. By aresult of Nakajima [N], there is a unique G-module I'; such that

I'c=I|G|lg.

We abuse terminology and also call I'; the ramification module.

Now consider a G-equivariant divisor D on X (k). If D = i deGg(P), then
we call D a reduced orbit. The reduced orbits generate the group of G-equivariant
divisors Div(X)C.

Definition 204 The equivariant degree is a map from Div(X)¢ to the Grothendieck
group Ry (G) = Z[Gy] of virtual k-characters of G,

deg,, : DiV(X)¢ > R(G).

defined by the following conditions:

1. deg,, is additive on G-equivariant divisors of disjoint support.
2. 1f D=rL Y, &(P) is an orbit, then

Indg, X f1 ¥ if r >0,
deg,, (D) =  —IndS (X, TV v ifr <o,
0 if r =0,

where ¢ = i p is the ramification character of X at P.

Note: In general, this is not additive (except on those divisors which are pull-
backs via ).
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If D =n*(Dy) is the pull-back of a divisor Dy € Div(Y), then degeq(D) has a
very simple form. In this case, r is a multiple of ep, so the equivariant degree on
each orbit is r/ep times Inng of the regular representation of G p. In this case, we
have

deg,, (D) = deg(Do) - [k[G1]. (7.5.1)
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